
R , R h 
c = - and b = — and - = fc*<?« 

(b) Reynold's Equation 

Now 

7 £("sO + M» £)-«"•«' 
mensionalismg, 

••5=("»"S)^(»-W) 

5; 

Nondimensionalismg, 

= 24 ( ^ jjj- ) (EraY = 24{7*(?*4 

(c) Load 

W = ffpididO = / / I n (1 - v*)di*d6 
a 

Wa 
= - / / I n (1 - p*)y*d?*d0 = W*G* 

The pis aie 

ft 
TTi = — G*8, 7T2 = U*G*1, 7T3 = Hf*(?*3 
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• h* = 7^ $IU*G*', W*G*2] (11) 

Rolling Friction Parameters. Using a similai pioceduie, the loll
ing fnction coefficient is 

M = 7TL <$''[U*G*i, W*G*3] (12) 
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D. P. Townsend2 

The piogiam conducted by the authoi piovides some veiy 
mteiestmg quantitative and qualitative lesults foi a wide lange of 
matenals of mteiest m EIID lubucation I t is somewhat im-
foitunate that the point of most mteiest m the evaluation of the 
E H D paiameteis (l e , the lowest value of the modulus of elastic
ity) is extiapolated to such an extent as to thiow consideiable 
doubt on its accuiacy 

The authoi has taken constant values of the nondimensional 
velocity paiametei U* and load paiametei IF* and fiom these 
have deteimmed the film thickness h* as a function of G* ovei 
a wide lange of the modulus of elasticity E The E H D film 
thickness is a veiy stiong function of velocity, mlet viscosity and 
ladius (l e , (rjo, U)°7 and (R)° 43) and only lightly dependent on 
load and elastic modulus (l e , (TF)-° 13 and (E1)03) Theiefoie, 
it is the discussei's opinion that it would have been much moie 
appiopnate to nin the tests at a constant velocity while vaiy-
mg the mlet viscosity oi ladius to maintain a constant U* with 
changing elastic modulus If this pioceduie is utih/ed it should 
give amoieieahst ie evaluation of film thickness paiametei h* as a 
function of the matenal paiametei G* 

The photogiaph of film shapes in Fig 3 is veiy mteiestmg, 
especially at the sides of the contact wheie it appeals that side 
leakage causes the minimum film thickness to occm I t would 
be much moie valuable if the authoi could show the film shapes 
and thickness in thiee dimensional peispectives oi even two 
dimensional tiaveises to give the leadei a bettei feel foi the 
magnitude of the film shape vanations 

2 NASA—Lewis ReseaichGentei, Cleveland, Ohio 
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W. R. D. Wilson3 and J. W. Kannei3 

We would like to congratulate Dr. Gohar on an excellent piece 
of research. The data he presents will be of great value in the 
design of real bearing systems. The data presented on the least 
film thickness at the edge of contact is of particular interest to 
us. 

For a number of }rears we at Battelle have been obtaining data 
on film thicknesses in highly loaded line contacts by the X-ray 
technique. This data shows a much greater load dependence than 
that calculated by Grubin or Dowson and Higginson. In general, 
we have found that the measured film thickness is approximately 
inversely proportional to the maximum Hertz pressure.4 I t is 
very gratifying to discover that the least film thickness data given 
in Fig. 4 seems to exhibit a similar variation with load. This im
plies that the X-ray technique provides a good measure of the 
minimum film thickness in a highly loaded contact. Since the 
minimum film thickness governs a lubricants ability to prevent 
surface damage, X-ray measurements can serve as a useful screen
ing technique for lubricants. We look forward to seeing further 
data from Imperial College, especially some film thickness maps of 
line contacts. 

R. J. Boness5 

The author is to be congratulated on presenting some interest
ing results of film thickness and friction forces in lubricated point 
contacts. 

Although the author established that a good correlation be
tween experimental and theoretical rolling friction values existed, 
no attempt was made to examine theoretically the sliding fric
tion component. 

This contribution is concerned with the tractive forces present 
in an elliptic contact when small degrees of sliding are present. 

The analysis, although based upon the assumptions made by 
the author, emphasizes the danger in using an exponential pres
sure viscosity relationship when calculating elastohydrodynamic 
sliding friction forces. The assumptions are made that the 
pressure distribution between heavily loaded lubricated contacts 
is approximately Hertizian and that the film thickness is constant 
over the contact area. Furthermore the analysis is limited to 
small amounts of sliding as no allowance is made for viscosity 
changes due to temperature variations in the lubricant film. 

The friction force is found by integrating the viscous shear 
forces oecuring in the contact region. 

Newton's law of viscous flow gives the shear stress r as 

rjdu/dy (13) 

I t can be shown by considering the equilibrium of an element 
of oil that 

dp 

dx 

dr 

oy 
V 

dhi 
(14) 

Integrating equation (14) with the boundary conditions u = 
Ui at y = h and u = Ui at y = 0 leads to 

du 1 dp , Ui - Vi 
— = ~ ~ (V - A/2) + (15) 

oy 7] ox h 

The viscous shear stress may therefore be written as 

h dp 
^ -^ + V/HU, - [/,) (16) 

2 ox 

To.h = -q{du/oy) 

3 Battelle's Columbus Laboratories, Columbus, Ohio. 
4 Gohar, R., "Oil Film Thickness and Rolling Friction in Elasto

hydrodynamic Point Contact," JOURNAL OF LUBRICATION TECH
NOLOGY, TRANS. ASME, Series F, Vol. 93. 

6 Royal Military College of Science, Shrivenham, Wilts, England. 

where the suffixes 0 and h refer to the surfaces where y = 0 and 
V = h. 

The total friction force for the pressure zone is 

F0,h = I I rdxdy 
' yi J xi J»2ft /*Ti J 

yi *J xi 

-J J ^midi 
*J y\ U x\ 

+ 

dxdy (17) 

f*xi 

rj/h(XJi — Ui)dxdy 
rm r*x 

•J Ml */ XI 

The first integral can be identified with the rolling friction and 
the second gives the contribution due to sliding. 

The author has considered theoretically the rolling friction 
term and at speeds of sliding above a few cm/sec has shown that 
the sliding component is predominate. 

Turning therefore to the sliding friction force Fs, assuming the 
film thickness h to be constant over the contract region F, may 
be written as 

F, = 
Ui - U 

h t/ 7/1 J XI 

•qdxdy (18) 

Rewriting equation (18) in the usual dimensionless terms, 
using 

Em 

gives 

^-(ixi) a)/:/> •dy (19) 

where the shape and size of the contact region may be obtained 
after Hertz from 

I1 E1 E1 

2-Kab 

x2 y2 X1 / 

~~ ~tf ~ I]2 ) 

(20) 

(21) 

(22) 

(23) 

In order to evaluate this integral an equation describing the 
variation of viscosity with pressure is required. In keeping with 
the author's assumptions the standard exponential form was 
chosen, 

17 = TJO exp (ap) (24) 

After substituting equations (20), (21), (23), and (24) into 

I = {a/R)(b/R)ffTJdxdy 

the integral was evaluated using a digital computer. 
The results obtained indicate that the integral I may be written 

in terms of the maximum Hertzian pressure as 

log I = m(pu D) + log C 

where m and C are dependent on the pressure viscosity coefficient 
and the a/b ratio, respectively. For the case of sphere loaded 
against a flat plate these values may be tabulated as Table 1. 
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Table 1 

Pressure visco&itj 
coefficient dyne" 1 

cm2 

2.23 X 10~8 

1.56 X 10"9 

1.12 X 10~9 

mlbf-

6.7 X 
4 .8 X 
3.'45 X 

in2 

O
O

O
 

-I 
J,

 
J,

 C 

.0135 

.0032 

.0012 

D lbf/in2 

3.75 X 10" 
3.75 X 10* 
3.75 X 10' 

As an example of the application of these theoretical results 
consider the result shown in the author's Fig. 9. 

load = 3579 grmf 
rolling speed = 195 cm/s 
viscosity = 4.2 X 10~6 Reyns 
h/R = 10.3 X 105 

R = 0.25 in. 
pressure viscosity coefficient 2.48 X 10-9 d y n e - 1 cm2 

Extrapolating from Table 1 and solving equation (13) leads to 
an integral I value of approximately 9.9. 

The sliding friction force can be evaluated from 

I<\ 

For I' — 2.54 cm/sec 

F 

" - " • ( ! ) 

460 grmf 

/ 

This result indicates that the theoretical calculation of sliding 
friction force based upon Grubin type assumptions grossly over
estimates the experimental value (12 grmf). 

This discrepancy between the theoretical and experimental 
values is unlikely to be due to the assumption of a constant film 
thickness over the contact area, as the author's photographs of 
film .shape illustrates large horseshoe areas of constant film 
thickness. The most likely sources of error would therefore be 
the choice of an exponential pressure viscosity relationship to
gether with the assumption that the pure rolling pressure vis
cosity coefficient remains unchanged when sliding is present. 
I t is interesting to note that using a pressure viscosity relafion-

/ 3747p \ 
ship of the form rj = TJ0 exp. I — I reduces the sliding 

\ 1 + 50.4jr>/ 
friction force by a factor of 200. 

Author's Closure 
The author thanks the discussers for the points the}' have 

raised. Mr. Boness has shown that if the viscosity is taken to be 
the only pressure dependent (assuming a Hertzian distribution) 
then the calculated sliding friction is well above experiment. 
By assuming that the theoretical rolling friction is most signifi
cant in the inlet part of the contact, where pressures have not 
yet become excessive, the author avoided the troublesome ques
tion of how viscosity behaves in the parallel film high pressure 
region. 

When slight sliding is present in point or line contact various 
effects must combine, to a greater or lesser extent, to reduce the 
pressure dependent viscosity. These are: 

1 The effective viscosity depends on rolling velocity [17, 18]. 

Fig. 15 shows —- plotted against —-— —: 
W U-i + U: 

A single straight 

line results. The points are from Figs. 8 and 9. Fs = F + Fr 

and is the sliding friction. One of Crook's [17] results for disks 
is also shown. Assuming h* = 1.73 {V*G*t'\W*y ' / a (24) and 

TJ* = —, where r\ is the "effective" viscosity based on isothermal 
Vo 

Newtonian conditions [18]. 
Then 

•q* = O.0564VK*2/7(J*-J/'O*3''7 (13) 

The effective viscosity therefore decreases with rolling velocity. 
2 Thermal effects which include compressibility (reference 

[23], p . 223). 
3 That the pressure levels within the contact are often lower 

than they would be had Hertzian conditions been assumed 
[25] .6 There must also be a sharp fall of pressure within the 
edges of the contact. The side lobes in Fig. 3 are inside the Hertz 
radius (reference [3], p. 254). As these lobes commence, the 
pressure falls and the surface springs outwards giving the least 
film thickness (Figs. 4 and 5). Further evidence of this fall of 
pressure is adduced when it is noted that the film thickness at 
the side lobes is more sensitive to load than in the central region 
[24]. There, an increase in load results in a downward move-

6 Numbers [24-25 
end of Closure. 
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Fig. 15 Coefficient of sliding friction against slip-roll ratio 
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ment of the ball center together with an upward distortion of the 
contact region, the net effect being hardly any change in thick
ness. The side lobes do not feel the upward distortion due to 
pressure change. 

A combination of the aforementioned effects together with the 
fact that anyway an exponential viscosity pressure relationship 
is not accurate, even statically, at high loads, must result in a 
considerable reduction in the theoretically predicted sliding 
traction. 

The author agrees with the observations of Wilson and Kan-
nel. Their carefully conducted experiments using X rays have 
an advantage over our method of interferometry in that they can 
use steel surfaces. We are working at present on projects involv
ing the general line contact mapping problem, as well as on end 
blending effects. 

Mr. D. P. Townscnd's observations are welcome. I t would 
have been difficult to run experiments at constant velocity while 
controlling inlet viscosity as it itself depends on velocity. Radius 
is more easily controlled but depends on availability of a selection 
of super precision balls. We are currently running experiments 
using an annular conforming groove instead of a flat plate. Slight 
changes in ball radius will then become much more inpovtant. 
I t is unfortunate that perspex has an E value one twentieth thai 
of glass and therefore the W* must, of necessity, be large. Inci
dentally, the experimental results can be plotted as 

h* 

W*G* = $ 
U* 

\W*G*3} 

For the harder material combinations, (W*G*)3 has little effect 
on the film thickness. For .steel on steel (quoted in I he above 
paper) we get 

/i* / U* 
_ 1 OQ I (W*G*"i)«,0<> 

Note that two of the groups do not contain E and are therefore 
valid for an undistorled contact with pressure dependent vis-

l°3 

Vi*G' 

\d* 

io5 

S _ ° / 
— 

A 

a 

o 

X 

V 

a 
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i 4 8x lO° 
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IO 
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Fig. 16 

cosily. The graph of the results based on the new groups are 
shown in Fig. 16 togethei' with the theory of Wedeven, Evans, 
and Cameron [24]. Traverses of point contact RHL shapes can 
be seen in references [5 and 11]. 
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25 Klemz, B. L., "Stresses Measured by Photoelasticity in 
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