
Conclusions 

A formula for the thermal and non-Newtonian (Ree-Eyring) 
film thickness reduction factor, C„ has been obtained by 
regression based on numerical results. This formula, equation 
(65), shows a decrease in Cr with an increase of Lu £, and g2, 
and with a decrease of gi. The change of the reduction factor, 
Cn with Ll is influenced by the value of glm The formula also 
shows that, even when the thermal loading parameter, Llt 

approaches zero, there still exists a film thickness reduction 
due to non-Newtonian effects. The solutions presented are 
useful in the design of gears, rolling element bearings and cams 
where elastohydrodynamic line contacts exist. 

The changes in the ratio, Hmin/H0, with g, and £ depend 
strongly on the changes in the shape of the pressure distri
bution. This ratio decreases with increasing g, except for low 
£ and Llt and decreases with increasing £ except for low gj 
and L\. 

The maximum midlayer and surface temperatures are ob
served to increase with an increase in Lx, £, or g,. The maximum 
midlayer temperature in the lubricant is significantly affected 
by the dependence of lubricant thermal conductivity on pres
sure. 

The traction coefficient is observed to increase slightly with 
an increase of Lx for low £ and Lu and to decrease with an 
increase of L, for all other conditions. 
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The inclusion of the energy equation in any non-Newtonian 
analysis of elastohydrodynamic lubrication is an important 
step. The rheological and thermal properties of the liquid are 
dependent upon local temperature. The discussers are, how
ever, puzzled by the rheological model selected by the authors. 
The logarithmic shear stress nature of the Eyring model with 
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properties averaged over the entire contact corresponds well 
with the average shear stress observed in EHD traction. How
ever, when applied locally as a rheological equation of state, 
it fails to represent the most pronounced non-Newtonian effect 
observed in primary measurements—that of a rate independent 
limiting shear stress (Bair and Winer, 1979, 1982, 1990 and 
Ramesh and Clifton, 1987). It is interesting to note that the 
authors reference our 1979 paper showing limiting shear stress 
behavior for EHD lubricants. 

This limiting stress has been observed in concentric cylinder 
rheometers (Bair and Winer, 1979, 1982, 1990) with a pres-
surization time on order of minutes, and impact pressure shear 
plate experiments (Ramesh and Clifton, 1987) for which the 
pressurization time was a few hundred nanoseconds. Indeed, 
the model oil in this paper, LVI260, has been thoroughly in-
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vestigated in this laboratory (Bair and Winer, 1982 and 1990). 
Newtonian behavior was observed to shear stresses of about 
20 MPa (nearly ten times the required Eyring stress for traction 
curve fitting) followed by rate independent yielding at higher 
stresses. In the 1990 paper, lower pressures and higher shear 
rates were utilized in an attempt to find Eyring behavior. But, 
the transition from Newtonian to limiting shear was even more 
abrupt than at higher pressures. No primary evidence exists 
which supports Eyring's Sinh law behavior in lubricants at 
high pressure. Why then has so much time been spent incor
porating it into an EHD analysis? 
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Winer for their discussion. The use of the Ree-Eyring fluid 
model in elastohydrodynamic (EHD) lubrication is firmly based 
on experimental evidence obtained on disc machines over a 
wide range of pressures and temperatures. The authors are 
confident that the results presented in this paper represent the 
best available estimate of the effect of heat generation on film 
thickness, temperature, and traction in an EHD contact. The 
Ree-Eyring model has a sound basis in the thermal activation 
theory of viscous flow. The parameters in this model, r0 and 
•q, can be expressed in terms of fundamental thermodynamic 
properties (Evans and Johnson, 1986, and Eyring, 1936), as 
follows: 

T0 = kBQ/vT (A-l) 

and 

1 fE+VrP\ 

^ ' e ) = ^ e x p U ^ > (A-2) 
where kB is the Boltzmann constant, 9 is the absolute tem
perature, C is a constant determined by the microscopic struc
ture of the fluid, E is the thermal activation energy for the 
flow, and vp and vT are the activation volumes for pressure 
and for shear stress, respectively. The Ree-Eyring model is 
valid when the work done by the shear stress in promoting 
flow, VTT, is small compared to the total activation energy, 
E+pvp. When the former quantity is comparable with the 
latter, the fluid behavior must be described in some other way. 
Experiments conducted by Imai and Brown (1976) on amor
phous solid polymers suggest that the mechanism of flow 
changes from thermally activated motion of independent mo
lecular segments to the formation of shear bands through the 
collaborative motion of adjacent segments when the shear stress 
reaches the order of 1/30 of the elastic shear modulus. The 
material can deform plastically under a constant shear stress— 
a limiting shear stress—when shear bands are formed. 

The experiments by Bair and Winer (1979, 1982, and 1990) 
indicated that lubricating fluids also reach a limiting shear 
stress. Experimental data obtained by Evans and Johnson 
(1986) showed that values of the limiting shear stress were on 
the order of 1 /45 of the elastic shear modulus of the lubricants. 
This suggests that the limiting shear behavior might be caused 
by the formation of shear bands or a similar mechanism, other 

than thermal activation, and that the limiting shear stress rep
resents the ultimate strength of the material. 

In Bair and Winer (1990), the limiting shear stress data for 
LVI-260 mineral oil indicated values of rL/p ranging from 
0.031 to 0.040, while the value of 0.047, given in their Table 
2, was used for comparison with the data of Johnson and 
Tevaarwerk (1977). A close examination of the models used 
to interpret their data from the high-pressure couette visco
meter reveals a sensitivity of the experimental results to thermal 
effects intrinsic to the apparatus, which cannot be directly 
measured. This is especially true for the data obtained with 
very small gaps between the concentric cylinders. Moderate 
temperature rises at the stationary inner surface could serve 
to decrease the gap (thus increasing the real average shear strain 
rate) and reduce the viscosity in the vicinity of the inner wall 
(further increasing the local shear strain rate near the inner 
wall), while the perceived average shear strain rate would re
main unchanged. This is a possible explanation for the ap
parent Newtonian behavior observed by the discussors for 
some fluids. 

Bair and Winer (1979) proposed the following limiting shear 
stress model: 

7 = - — l n ( l - T/TL) f o r r > 0 . (A-3) 
V 

As the shear strain rate, 7 , tends to infinity, equation (A-3) 
shows that the shear stress, r, approaches the limiting shear 
stress, TL. This model gives a good description of the shear 
behavior near the limiting shear stress for some lubricants. 
However, in this model, the initial non-Newtonian behavior 
at stress levels much lower than the limiting shear stress is 
determined by the value of the limiting shear stress. Since it 
is likely that the initial non-Newtonian behavior of a lubricant 
originates from a physical mechanism that is different from 
the limiting shear stress, the following rheological model would 
be more appropriate. 

f77 sinh"1 ( IJ7/T0) for 1177 I <r0 sinh (TL/T0), 
T= (A-4) 

(jL for I ij71 > T, smh {TL/T0). 

Equation (A-4) is a generalization of the model proposed by 
Jacobson and Hamrock (1984). Viscoelastic effects are not 
included under the assumption that the Deborah number is 
usually below one for the operating conditions usually found 
in machines. Equation (A-4) should only be applied when 
coupled with a thermal analysis and would require data on the 
variation of TL with both pressure and temperature. Unfor
tunately, these data are only available for a few lubricants and 
for a very limited temperature range. 

Since the Ree-Eyring model is valid only when the shear 
stress is less than the limiting shear stress, it is desirable to 
compare the calculated shear stresses to limiting shear stress 
values. The experiments to obtain the limiting shear stress 
values of LVI-260 oil (Bair and Winer, 1982 and 1990) were 
conducted in a temperature range from 20 to 35°C. In order 
to compare the numerical solutions obtained in this paper to 
these experimental values of limiting shear stress, the dimen-
sionless results presented in this paper are applied to the LVI-
260 oil at different temperatures. For each case studied, with 
some dimensional parameters specified, an »j0 value corre
sponding to the given dimensionless parameters, gi and L1( 

can be found. In order to obtain this r\0 value, the oil is con
sidered to be placed at a temperature, T„, given by a viscosity-
temperature relation at ambient pressure. In this way, each 
case studied would correspond to an operating condition with 
the LVI-260 oil at a bulk temperature, To, and at an average 
contact temperature, T„, approximately given by T„= To 
+ &Tmymax/2, where an estimate of the maximum midlayer tem
perature rise, A7^m a x , can be obtained from Fig. 7 by using 
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