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Improving Prediction of
Flapping-Wing Motion By
Incorporating Actuator
Constraints With Models of
Aerodynamic Loads Using
In-Flight Data
Flapping-wing flight is a challenging system integration problem for designers due to
tight coupling between propulsion and flexible wing subsystems with variable kinematics.
High fidelity models that capture all the subsystem interactions are computationally
expensive and too complex for design space exploration and optimization studies. A com-
bination of simplified modeling and validation with experimental data offers a more trac-
table approach to system design and integration, which maintains acceptable accuracy.
However, experimental data on flapping-wing aerial vehicles which are collected in a
static laboratory test or a wind tunnel test are limited because of the rigid mounting of
the vehicle, which alters the natural body response to flapping forces generated. In this
study, a flapping-wing aerial vehicle is instrumented to provide in-flight data collection
that is unhindered by rigid mounting strategies. The sensor suite includes measurements
of attitude, heading, altitude, airspeed, position, wing angle, and voltage and current sup-
plied to the drive motors. This in-flight data are used to setup a modified strip theory aer-
odynamic model with physically realistic flight conditions. A coupled model that predicts
wing motions is then constructed by combining the aerodynamic model with a model of
flexible wing twist dynamics and enforcing motor torque and speed bandwidth con-
straints. Finally, the results of experimental testing are compared to the coupled model-
ing framework to establish the effectiveness of the proposed approach for improving
predictive accuracy by reducing errors in wing motion specification.
[DOI: 10.1115/1.4035994]

Introduction

Flapping-wing air vehicles (FWAVs) are a unique set of
unmanned aerial vehicles (UAVs) that derive inspiration from nat-
ural sources like birds, bats, insects, and even marine life. Flying
animals achieve a broad range of capabilities from hovering and
precision maneuvers to long-range cruising and efficient soaring.
Due to this potential for excellent versatility, flapping-wing flight
may provide a useful alternative to airplanes and rotorcraft.
Flapping-wing aerial vehicles may be grouped into two main size
categories, corresponding to the sources of biological inspiration:
insect and avian. Due to favorable scaling of aerodynamics with
larger size, avian-scale flapping-wing air vehicles are capable of
lifting greater loads for longer periods of time [1]. Hence, avian-
scale flapping-wing air vehicles are currently better suited for mis-
sions involving external load carrying, longer endurance flight,
and operation in adverse conditions. This study is focused on
avian-scale flight, which may be characterized as forward flight,
rather than hovering flight often exhibited by insects.

Typically, avian-scale flapping-wing aerial vehicles rely on the
interaction of a few key components to support flight [2]. First, a
propulsion system typically consisting of a motor and gear train pro-
vides the periodic wing plunging motion necessary to generate

forces. Second, compliant wings are flapped and either actively or
passively deformed in response to actuator inputs or aerodynamic
and inertial loading, resulting in useful lift and thrust production.
Third, a source of energy provides the ability to freely fly for a cer-
tain period of time. In addition to these key components, most
vehicles consist of several additional parts including control systems
and structural support. For designers, the interaction of these key
subsystems presents a significant challenge, due to the interdepend-
ence of the performance of each subsystem on vehicle capabilities.

Historically, successfully flying avian-scale flapping-wing aer-
ial vehicles have been designed using experimental performance
characterization. A variety of flapping-wing aerial vehicles have
been created with this approach and have clearly demonstrated the
breadth of capabilities that may be realized [3–7]. By anchoring
the vehicle to a load cell, researchers at the University of Mary-
land, College Park, MD have examined the scaling of forces with
flapping rate in a small vehicle [8]. Hubel and Tropea studied the
effects of varying Reynolds numbers in a wind tunnel experiment
to explore the appropriateness of quasi-steady assumptions in
modeling [9]. Shkarayev et al. [10,11] and Song et al. [12] investi-
gated flexible membrane wings and discovered the sensitivity of
lift and thrust production to wing membrane pretension. Each of
these efforts realizes desired functionality through a direct experi-
mentation approach but does not explicitly address the nature of
wing and motor interactions.

A significant issue with experimental studies of force production
under varying flapping conditions is the rigid mounting to a force
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transducer. This source of error in flapping-wing experiments was
explored by Caetano et al. in the development of the Delfly
flapping-wing aerial vehicle [13]. By restricting the motion of the
flying vehicle for testing purposes, natural body motions that arise
in response to flapping are prevented which causes a change in the
measured forces [13]. A strategy to mitigate this effect is to equip
a freely flying vehicle with instrumentation to avoid altering the
natural body response to flapping. To date, there is only one exam-
ple of in-flight testing of a flapping-wing aerial vehicle with an
instrumentation suite, conducted by Grauer and Hubbard [14].
This test was able to collect some basic in-flight data, but suffered
from noisy sensor data that required time-averaging of results and
lacked measurements of power consumption, vehicle position, alti-
tude, and airspeed.

Aerodynamic modeling provides an alternative to experimental
development efforts. Aerodynamic models are used to generate per-
formance predictions for flapping-wing aerial vehicles in a variety
of flight conditions by specifying wing motions and body orienta-
tion, then solving for lift and thrust forces. DeLaurier developed a
well-known model of flapping-wing flight based on modified strip
theory, which assumes quasi-steady aerodynamics and sums forces
at each location and time step to generate performance estimates
[15]. DeLaurier’s work relies on Theodorsen’s plunging airfoil
model to account for force production due to leading-edge suction
forces [16]. The method is simple to setup and run, but showed lim-
ited accuracy when applied to wings that exhibit larger flapping
amplitudes by Mazaheri and Ebrahimi [17]. Hunsaker and Phillips
have compared Theodorsen’s model to computational fluid dynam-
ics simulation results, revealing that the basic Delaurier model for-
mulation provides reasonable results in lower flapping frequencies
[18]. A dynamic stall approximation by Kim et al. exhibits
improved prediction accuracy for cases of larger angles of attack
[19]. Smith et al. presented a compact review of aerodynamic meth-
ods for flapping wings, which includes a useful comparative discus-
sion of the merits of several approaches. In addition, they present a
comparison between a lower fidelity quasi-steady method and an
unsteady vortex panel method to highlight the strengths of each
strategy [20]. A common feature of the models reviewed here is that
flapping motions are specified without consideration of the interac-
tions between the drive motors and the predicted forces arising due
to aerodynamic and structural loads. This assumption implies a
motor with sufficient torque and power to achieve specified
motions, which is often an invalid assumption in real operation.

In addition to modeling aerodynamics, researchers have also
explored how system energetics impact flapping-wing perform-
ance. These studies provide foundational work for exploring the
interactions between the drive and wing subsystems for real-world
flapping-wing air vehicles. Researchers at the U.S. Army Research
Laboratory and University of Maryland have conducted motor
characterization together with load cell testing of their Robo
Raven FWAV to characterize force production and motor per-
formance under varying operational conditions [21,22]. Karpelson
et al. used a strip theory aerodynamic model to explore the ener-
getics of a very small hovering flapping-wing robotic insect and
provide useful design insight including a rationale for battery siz-
ing and flight endurance predictions [23]. Madangopal et al. stud-
ied the energetics of a larger flapping-wing air vehicle, with
consideration to the mechanism’s role in storing and releasing
energy, and how this may impact system efficiency by reducing
losses associated with wing deceleration at the end of each wing
beat [24,25]. Doman et al. [26] studied the interactions of the pro-
pulsion system, drive mechanism, and flexible wing spars, reveal-
ing the system-level behavior of varying drive system parameters
with a Lagrangian-approach to energy analysis. However, this
study also highlights the challenges in validating model results
with experimental testing, as the model becomes very complex
despite the lack of an aerodynamic prediction component. All of
these efforts reveal the importance of considering multiple vehicle
subsystems together, due to interactive effects that dictate overall
system performance.

In this work, a new model for the dynamics of a flapping
wing is developed to improve motion predictions. Unlike previ-
ous work, drive motor constraints on torque and speed are
included. This enables the wing motion to be computed by
enforcing feasible motor bandwidth at each time step instead of
simply prescribing plunge and twist motions. The deflection
properties of the wing spars are captured in a dynamic model
that is used to improve correlation between experimentally
measured flapping dynamics and the modeled flapping dynam-
ics. This approach addresses the need for a simultaneous consid-
eration of motor bandwidth and flapping loads, since their
interaction will have strong effects on overall flapping-wing per-
formance. A modified strip theory modeling framework is used
to predict aerodynamic loads and therefore is dependent on
experimental validation data to tune the model parameters. To
utilize accurate data during model calibration, an instrumenta-
tion suite that provides in-flight data is integrated into a
flapping-wing aerial vehicle, known as Robo Raven II [21,27].
Using this data, model parameters are tuned to enforce feasible
operational conditions. This approach addresses the problems
associated with rigid mounting structures used in traditional lab-
oratory experiments that restrict body responses to flapping. The
model predictions show that flapping motions realized in flight
testing significantly deviate from commanded sinusoidal motions
due to interactions between the drive motors and wing loads.
The new model for wing motions is coupled to the simplified
aerodynamic model to determine the improvement in prediction
accuracy that can be achieved by including subsystem interac-
tions to enforce realistic wing motions with respect to drive
motor constraints.

Aerodynamic Model for Flapping Wings Using

Strip Theory

For the purposes of this study, a modeling approach with rapid
solution throughput is desired to provide the opportunity to itera-
tively solve for feasible flapping motions at each time step. There-
fore, the modified strip theory approach developed by DeLaurier
is used as a model baseline [15]. Several corrections are applied to
this model to improve the prediction quality in the present study
which will be briefly summarized.

The model discretizes the wings into chordwise strips from the
root to the tip, computes quasi-steady forces on each strip, and
sums the forces to determine the total wing force. Wing chord is
the product of the root chord defined as c0 and the chord shape
�cðfÞ, defined in Eq. (1) as a function of normalized span location
f. This wing design is derived from an experimental characteriza-
tion and manufacturing sensitivity analysis that established a wing
baseline with a favorable blend of lift and thrust production [28].

�c fð Þ ¼
1 for 0 � f <

1

2

4f 1� fð Þ for
1

2
� f � 1

8>><
>>: (1)

Stripwise normal force is computed as the sum of circulatory
and added mass forces. Circulatory force is computed as shown
in the below equation, where the flight speed and relative flow
velocity and the quarter chord are U and V̂0:25c, semispan is y0,
spanwise location is f, and the normal force coefficient is Cn

dNc ¼
qUV̂ 0:25c

2
Cn y0fð Þcos cð Þcy0df (2)

The normal force coefficient is computed using a modified
three-dimensional Theodorsen function to account for finite-span
unsteady vortex wake effects. The added mass force is computed
as shown in the below equation
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dNa ¼
qpc2

4
U _a � 1

4
c€h

� �
y0df (3)

The chordwise forces are computed as the sum of cambered
wing drag, leading-edge suction, and viscous friction drag as
shown in the below equations

dDcamber ¼ �2pa0 a0 þ �hð Þcos cð Þ
qUV̂0:25c

2
cy0df (4)

dTs ¼ gs2pa0 a0 þ �hð Þcos cð Þ
qUV̂0:25c

2
cy0df (5)

dDf ¼ Cdf
qV2

x

2
cy0df (6)

The baseline modified strip theory model used thus far deter-
mines if flow separation occurs following a helicopter analysis
methodology that is unsuitable for the flapping-wing case now
examined. Therefore, an enhanced dynamic stall criterion is
adopted from the model by Kim et al. for large amplitude flapping
[19] and based on experimental data collected by Scherer in char-
acterizing oscillating airfoils [29]. The dynamic stall condition is
defined in Eq. (7) with the dynamic stall correction factor defined
in Eq. (8) as a function of both plunging and pitching

adyn ¼ nmaxastall (7)

nmax

¼ 1þ

���tan�1 _h cos h��ha

� �
=Vx

h i���
jastallj

þ
0:51

h

j _hj

ffiffiffiffiffiffiffiffi
cj _hj
2U

s

astall

; adyn�2astall

2; adyn<2astall

8>>>><
>>>>:

(8)

The method of force application is dependent on flow condition
at each time step. With attached flow, circulatory forces act at the
quarter chord point, added mass acts at the half chord point, and
chordwise forces act along the wing chord. In the case of dynamic
stall, the leading-edge suction force shifts to the wing normal
direction and the circulatory force moves to the 1/3 chord loca-
tion. Finally, in separated flow conditions, all the chordwise forces
vanish and all the normal forces act at the half chord point.

The differential forces in the normal and chordwise directions
are resolved into lift and thrust forces at each time step based on
the wing positions according to Eqs. (9) and (10), then the total
wing forces are computed as the sum of each differential wing strip

dL ¼ dN cos hþ dFx sin h (9)

dT ¼ dFx cos h� dN sin h (10)

The basic framework used for aerodynamic modeling and dynamic
stall modeling has been presented here for completeness but the
detailed description of the aerodynamic models chosen is beyond the
scope of the present effort. However, highly detailed treatments of
the modified strip theory aerodynamic model as well as the dynamic
stall corrections applied are available from the respective authors,
including several illustrations depicting the terms in the equations
used and experimental validation studies [15,19].

Instrumentation Integration Into Flapping-Wing

Flight Platform

Application of the presented strip theory approach requires
flight testing to validate model parameters including vehicle

orientation, airspeed, and wing tracking, corresponding to �h, U,
and c in aerodynamic model equations. To provide this informa-
tion while eliminating the errors associated with rigid mounting of
flapping-wing air vehicles, a free flight instrumentation suite is
integrated into a flapping-wing air vehicle.

A high level diagram of the instrumentation suite is shown in
Fig. 1. The system uses four parallel microcontrollers to handle
computationally expensive tasks due to the need for processor
availability to respond quickly to pilot inputs and the need for a
stable timestamp across all the data channels collected by the sys-
tem. The attitude and heading reference system (AHRS) uses sen-
sor fusion algorithm to estimate vehicle attitude using a direction
cosine matrix approach that eliminates sensor drift summarized in
Ref. [30]. The analog to digital conversion (ADC) of current and
voltage measurements is handled by a separate microcontroller to
maximize sampling rates for improved power consumption esti-
mates. This approach is necessary because the servo motors used
have a control system with 300 Hz PWM current modulation
instead of smooth analog adjustments. The main microcontroller
synchronizes computed results from the AHRS and ADC micro-
controllers with the remaining sensors, while also handling the
radio receiver and servo drive for command and control of the
vehicle. Finally, the results of all the synchronized sensor outputs
and pilot commands are written to a MicroSD card by a dedicated
processor due to the high data throughput required to prevent
buffer overruns. As a standalone add-on, a GPS data logging mod-
ule may be optionally included which consists of an antenna and
data logging system. This module is removable to facilitate indoor
flights in GPS-denied environments.

Preliminary testing and calibration trials were conducted to
ensure appropriate sensor measurement ranges and precision. All
the selected sensor model numbers and calibration results are
shown in Table 1. Due to the large number of required intercon-
nections in the instrumentation suite, the sensors were integrated
into a printed circuit board to minimize size, weight, and complexity.

Fig. 1 Instrumentation suite high level functional diagram
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The final assembled printed circuit board weighs 7.5 g and is shown
in Fig. 2.

A dynamometer and power analyzer were used to conduct
motor characterization following the approach outlined in prior
work [21], resulting in models that map the voltage and current to
motor operational characteristics. The torque model is shown in
Eq. (11), and the power output model is shown in Eq. (12). The
experimentally measured model parameters are listed in Table 2
for the selected drive servos

s ¼ KsI þ Ks0 (11)

Pout ¼ CA þ CBI þ CCV þ ðI þ CDÞððV þ CEÞCFÞ
þ ðI þ CDÞððI þ CDÞCGÞ þ ðV þ CEÞððV þ CEÞCH (12)

A Robo Raven II flapping-wing aerial vehicle was equipped
with the developed instrumentation suite and several test trials
were conducted to establish the range of operational conditions in
typical cruising flight. First, maneuvering dynamics were explored
by executing a series of turns consisting of either a simple tail

yaw motion, or a coordinated wing and tail maneuver that also
included asymmetric flap amplitude changes to create a thrust
differential. These tests were executed ten times each using a pre-
recorded maneuver sequence to ensure precise maneuver start and
stop times at the same phase relative to the standard flapping
motion, then the results were cycle-averaged to yield clear trends.
Results of these tests are shown in Fig. 3.

In addition to maneuvering flight, several trials of cruising
flight were conducted. The experimental trials included four
wings following the design template shown in Fig. 4 with dimen-
sions listed in Table 3 and chord shape described by Eq. (1). A
detailed description of this wing design including the deformation
characteristics, performance properties, and a manufacturing sen-
sitivity analysis is available in prior work [21,28]. For each wing
design, several experimental trials were conducted with the objec-
tive of achieving a stable flight condition. This was achieved by
making adjustments to the battery mounting location to shift the
center of gravity of the vehicle. This changes the body orientation
in flight and thus alters the flight speed and power consumption,
which is expected to be a roughly U-shaped curve as is exhibited
by many species of flying birds and bats [31].

Table 1 Sensors used on Robo Raven II flapping-wing aerial vehicle

Sensor Model Voltage Range Precision

Voltage ATMEGA328P 5.0 0–5.5 V 4.9 mV
Current ACS723 5.0 610 A 20 mA
Optical encoder E2-500 5.0 N/A 0.18 deg
Accelerometer ADXL345 3.3 616 g N/A
Magnetometer HMC5883L 3.3 68 G N/A
Gyroscope ITG-3200 3.3 62000 deg/s N/A
Diff. pressure (pitot) HSCMRRN001ND2A5 5.0 6248.84 Pa 0.2 m/s airspeed
GPS PA6H-MTK3339 3.3 N/A 3 m
Data logging OpenLog 3.3 Up to 1 M Baud

Fig. 2 Custom PCB used in Robo Raven II flight tests

Table 2 Experimentally measured parameters for Futaba
S9352HV servo

Parameter Futaba S9352HV

CA �4.688 W
CB 4.646 W/A
CC 0.677 W/V
CD �0.936 A
CE �6.877 V
CF 0.919
CG �1.270 W/A2

CH �0.070 W/V2

Fig. 3 Maneuver test results
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A snapshot of a typical flight test result is shown in Fig. 5, with
50 Hz sample rate and sample count plotted on the x-axis. The
results show airspeed and altitude in the first row, with the flight
starting at approximately sample number 500 where a spike in air-
speed can be seen from the initial hand launch. The second row
shows pilot control inputs during flight, the third row shows out-
puts from the AHRS orientation estimation, and the final row
shows the voltage and current consumption. Summary results
from all the testing trials are plotted in Figs. 5–7 and provided in
Table 4. While the number of trials is still not sufficient to fully
characterize the envelope of feasible performance, the trends
emerging in the data set are extremely useful in detailing known

Fig. 4 Generalized wing design template

Table 3 Wings used in experimental validation

Wing design Mass (g) Span (m) Max chord (m) Area (m2)

A 12.7 0.527 0.311 0.113
B 19.4 0.622 0.356 0.171
C 21.0 0.667 0.394 0.210
D 25.4 0.762 0.432 0.280

Fig. 5 Cruising flight test results

Fig. 6 Airspeed and inclination results from cruising flight
tests

Fig. 7 Power consumption in cruising flight at 4.0 Hz flapping
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feasible flight conditions. This insight is more useful than load
cell testing that has been conducted in prior work [21,22] because
it shows how flight dynamics impact vehicle functionality in real
flight conditions.

Modeling of Wing Motion

A wing subsystem model is required that captures the important
interactive effects between wing design, flapping motions, and
force production. At present, models used to describe flapping
wings such as [15] do not appropriately capture the interaction
between flapping motions and wing compliance and loads. In
particular, two key deficiencies exist. First, sinusoidal flapping is
frequently assumed. This assumption does not consider the retard-
ing effect of wing loads. When the wing loading is considered
together with the motor capabilities, the realized motion is
augmented based on the wing size and motor bandwidth and no
longer may be assumed to be sinusoidal. The second deficiency in
existing models is the static wing shape specification, which
assumes a constant linear wing twist and does not accurately
describe the behavior of a flexible wing that deforms in response
to flapping and structural loads. Accounting for these deficiencies
will improve the aerodynamic model quality by ensuring that
real-world effects are appropriately considered in performance
predictions.

In Fig. 8, the plunge motions are shown for each wing while
flapping at 4.0 Hz. A counterintuitive effect takes place during
pronation and supination where the larger wings are able to reach
higher speeds and reduce the phase gap relative to the smaller
wings. Following these portions of the flap cycle, the power stroke
exhibits the expected behavior of larger wings falling behind the
smaller wings due to larger loading arising from flapping a greater
surface area. In addition, the motions measured for each wing are
significantly different than the pure sinusoidal motion that is com-
manded. The dynamic deformation of the wing spar structure in
response to loading will be explored in this section to provide a
more accurate representation of flapping motions in the aerody-
namic model.

The wing deformation has two separate modes that depend on
flapping velocity and wing stiffness. The first is the primary bend-
ing mode, which consists of the wing spars flexing perpendicular
to the wing surface in response to loading. The second is a twist-
ing mode relative to the primary leading-edge spar that occurs
during stroke reversal. The bending mode controls drag which
causes a torque load at the motor that scales linearly with flapping
velocity and wing size and remains in phase with the flapping
velocity. To illustrate this effect, the torque required by the motor
to drive each wing design at varying steady-state angular velocity
was recorded to establish the relationship between wing size and
drag. A regression for each wing design is plotted in Fig. 9. The
coefficients describing the relationship between wing size, flap-
ping velocity, and torque required are listed in Table 5. Overlaid
on the plot is the bandwidth for the chosen drive servos, which
bounds a region of feasible operation for each wing size. Any
operational conditions that fall below and to the left of this line
are reachable by a given wing design.

Fig. 8 Wing angle tracking results

Fig. 9 Torque required for steady plunge velocity

Table 4 Cruising flight summary results

Parameter Wing A Wing B Wing C Wing D

Climb rate (m/s) 0.489 0.758 0.851 0.395
Angle of attack (rad) 0.879 0.839 0.390 0.585
Airspeed (m/s) 5.54 4.80 6.42 7.75
All-up weight (kg) 0.312 0.329 0.329 0.359
Flap amplitude (rad) 1.137 1.062 1.049 1.032
Mean current (A) 2.54 2.85 2.93 3.26

Table 5 Torque required for each wing design in steady-state
plunge motion

Wing Area (m2) Torque constant (N�m s/rad)

A 0.1640 0.0595
B 0.2213 0.1127
C 0.2625 0.1439
D 0.3290 0.2002

Fig. 10 Comparison between actual and commanded angular
velocity for wing D
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In Fig. 10, the angular velocity is plotted for wing D at the
1.0 Hz and 4.0 Hz flapping rates. The angular velocities corre-
sponding to commanded kinematics are plotted as solid lines,
while the measured angular velocities are plotted as dots. The
overlaid dashed lines are the torque limitations for the wing as
shown in Fig. 9. Two important effects may be observed in this
plot. First, the motor is able to exactly reach the commanded

plunge profile as long as torque is maintained below the motor
bandwidth. This is clear in the 1.0 Hz flapping condition where
the commanded and actual motions are indistinguishable. How-
ever, as the commanded flapping motions become more demand-
ing, the motor bandwidth constrains the reachable angular
velocity.

In Fig. 11, wing D angular velocity test results are shown for a
range of flapping rates. At flapping rates below 1.5 Hz, there is a
smooth sinusoidal velocity profile because the flapping motions
are not sufficiently demanding to exceed motor bandwidth.
Beyond 1.5 Hz, the motor bandwidth limit is reached, however,
the angular velocity is not strictly limited by the theoretical maxi-
mum speed dictated by motor bandwidth. The angular velocity
exhibits an overshoot effect that causes significantly higher flap-
ping velocity for brief periods. High-speed videography was used
to investigate the underlying physical reason for this effect. A
series of snapshots from one flap cycle are shown in Fig. 12.

In the video snapshots, the flapping motion starts with the top
row moving from left to right, then the bottom row moving
from left to right. An upstroke is in progress in the top left frame.
Moving along the top row, the upstroke is completed by the drive
motor, and hence, the directly mounted primary wing spar reaches
its apex in the fourth frame. On the fifth frame through the seventh
frame, the wing rotates as stored elastic energy is released, which
aids the beginning of the downstroke by reducing torque require-
ments temporarily. It is this rotational effect that augments the

Fig. 11 Angular velocity for wing D across flap rates

Fig. 12 High-speed video captures wing D test
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flapping velocity and causes the overshoot effect observed in
higher flapping rates plotted in Fig. 11. Evidently, the twisting
effect causes overshoot that depends on flapping frequency. This
becomes important when the wing stroke reversal rate approaches
the natural wing twisting dynamics. Once these two effects begin
to overlap, the torque requirements are significantly reduced
because the wing is exhibiting dynamic twisting and releasing
stored elastic energy that aids the stroke reversal.

The twist dynamics are accounted for in the wing model by
introducing several corrections to the nominal flapping profile. To
setup these corrections, first a notional wing system model is con-
structed as shown in Fig. 13. In this model, the two axes are
defined as the primary flapping axis f̂ and the wing twist axis t̂.
The two generalized coordinates that describe wing motion are hf

and ht, which are the angle of the primary spar at the leading edge
of the wing relative to the horizontal and the wing twist angle
relative to the plane that includes the leading-edge spar and the
flapping axis. The energy system of the wing is modeled using tor-
sion dampers attached to the flapping axis and the twist axis, a tor-
sion spring attached to the twist axis, and a rotational inertia J
with components in the flap and twist axes. Functionally, the
effect of this model framework is that the wing plunging motion
exhibits a dependence on the interaction between the flap rate, the
wing size, and the twist stiffness.

Using this model framework, the wing plunge rate is increased
by the twist dynamics based on the interaction between wing natu-
ral frequency and flapping rate. As the flapping rate overlaps the
wing natural frequency, the amount of twist will increase resulting
in higher velocity peaks in plunge. To capture this effect, the wing
natural frequency is described using an empirical relationship
based on the wing design used. The primary structure resisting
wing twist is the bending deformation of the spars in the chord-
wise direction; therefore, the twisting stiffness is modeled as pro-
portional to cantilevered beam bending as described in Eq. (13).
Since each wing uses constant spar sizes of the same carbon fiber
material, the elastic modulus and second moment of area terms
are lumped together with the constant Kt̂ to capture bending
physics and the empirical constant of proportionality B together

Kt̂ ¼
3EI

L3
B (13)

Combining the mass of each wing listed in Table 3 with the
empirical stiffness relationship results in the wing natural
frequency in the below equation

xnt̂ ¼
ffiffiffiffiffi
Kt̂

m

r
(14)

The twist is modeled as a damped vibratory system with
damped natural frequency given by the below equation

xdt̂ ¼ xnt̂

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

q
(15)

The solution for the homogeneous displacement response is
shown in the below equation

ht̂ tð Þ ¼ h0t̂ e
�fxnt̂ t cos xdt̂ tð Þ þ

_h0t̂ þ fxnt̂h0t̂

xdt̂

e�fxnt̂ t sin xdt̂ tð Þ (16)

The initial twist condition h0t̂ is estimated using high-speed
photography to determine the wing twist for each wing tested as a
function of flapping rate. A snapshot of this testing is shown in
Fig. 14. The damping ratio f is estimated in Eq. (17) as a function
of flap rate per wing using the percent overshoot observed in
Fig. 11 following the relationship in Eq. (17) [32], where the over-
shoot is measured by comparing the peak plunge rate achieved
during pronation to the steady-state plunge rate limit after velocity
ringing settles. The results of damping ratio calculations are com-
piled in Table 6 for each wing size tested

f ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln

PO

100

� �2

p2 þ ln
PO

100

� �2

vuuuuuut (17)

The predicted plunge velocity incorporating the wing twist aug-
mentation model is plotted in Fig. 15 along with the commanded
and experimentally measured angular velocity for wing D at
4.0 Hz flapping. The early inaccuracy in the model is due to a brief
transient effect that settles quickly and results in a much closer fit
to actual flapping motions by accounting for the interaction of the
wing stiffness and twisting.

Experimental and Modeling Results

The flapping-wing system is modeled by creating a linkage
between the strip theory model and the motor torque model to per-
form feasibility checking at each time step as shown in Fig. 16.
This is realized by computing the aerodynamic loads and flapping
speeds associated with nominal flapping profile, mapping the
loads to a torque and angular velocity bandwidth for the drive
motors, and using feedback control to correct the flapping profile
until feasible motor operation is achieved. If the loads are either
too large to be driven at the current speed or less than what the
motor is capable of, the plunge rate is reduced and forces

Fig. 13 Two-axis wing flexibility model

Fig. 14 High-speed photography used to characterize wing
twist amplitude

Table 6 Wing twist damping ratio results

Wing _hmax (rad/s) _hss (rad/s) Percentage overshoot f

A 9.49 9.47 0.20 0.96
B 10.38 9.37 10.80 0.58
C 10.96 9.12 20.18 0.45
D 11.48 8.41 36.50 0.31
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recomputed until the solution converges to agreement between the
two models, which prevents violation of the feasibility constraint.
In this way, the modeling approach is a reflection of the digital
control system used by the drive servo to minimize position error.
This approach is a new strategy for modeling wing dynamics in
flapping-wing air vehicles, since wing motions are predicted at
each time step by considering the interactions between the motors
and wings. In contrast, the traditional strategy has been to design
a flapping mechanism which follows specified flapping kinematics
and to represent the same kinematics exactly in the modeling
without corrections due to motor loading conditions or wing
dynamics.

Each of the typical flight conditions corresponding to the
four wing designs as listed in Table 4 was modeled using the aero-
dynamic code combined with the wing twist model and motor

constraints to establish model capabilities in describing real flight
conditions. The flight testing parameters were entered into the
aerodynamic model to check the ability of the model to describe
known flight-worthy conditions and to identify areas requiring
tuning. A comparison of the flight test results to the modeled
results both with and without the kinematic corrections is shown
in Table 7.

In the comparison, lift and thrust data are not populated for the
flight test results since these are not directly measurable from the
instrumentation suite. In the coupled model results, the inclusion
of wing dynamics and a motor feasibility constraint causes signifi-
cant reduction in the power predictions. This results in model con-
ditions that much more closely track the behavior exhibited
during the flight testing trials. For comparison, the model results
that specify flapping kinematics without any modifications may be
thought of as estimating the requirements to drive a given wing at
exactly the nominal flapping kinematics. The corrected data pres-
ent an estimate of the achieved performance given the interactions
between the selected components. The major reason underlying
the improvement in the couple model is the reduction in required
motor bandwidth. The torque requirements necessary to achieve
sinusoidal flapping kinematics are far beyond the capability of the
motors selected, as shown by the discrepancy in the two models.
In addition, the kinematics-only model prescribes the same
sinusoidal flapping motion across each wing size, despite the sig-
nificant differences in loading that must be overcome by the
motors as wing area increases. With the modified wing motion
model, the plunge velocity is reduced to a feasible condition that
places the operation of the motor within feasible bounds and
ensures that modeled kinematics are more representative of real
flight conditions.

Conclusions

In this study, a coupled modeling approach has been developed
that improves the prediction of wing motions during flapping by
simultaneously considering drive motor constraints along with the
aerodynamic loading conditions modeled using strip theory, rather
than simply specifying trigonometric flapping kinematics. To pro-
vide data input for the aerodynamic model, an instrumentation
suite has been developed and deployed on a flapping-wing air
vehicle. Improved prediction of flapping motion is achieved
because feasible operational conditions are enforced at each time
step. The inclusion of these subsystem interactions reduces errors
in the predicted wing motion by ensuring the motors operate in
physically realistic conditions. Comparisons of the measured and
predicted wing motion confirm the improvement relative to the
idealized wing motions.

The wing deformation model treats the wing as a
spring–mass–damper system with bending and torsional modes
and uses high-speed photography to determine shape deformation
in response to flapping. This method allows the aerodynamic
model to include realistic flapping motions, however, it lacks a
detailed linkage between unsteady aerodynamics and structural
dynamics. Therefore, the proposed approach is suitable for gener-
ating performance predictions of the presented design family, but
may suffer from inaccuracies when applied to new wing designs

Fig. 16 Strip theory model approach

Table 7 Comparison of model results to flight testing data

Flight testing Coupled model (developed in this paper) Kinematics only

A B C D A B C D A B C D

Avg. lift (N) — — — — 2.50 3.08 3.19 3.31 2.51 4.03 4.75 6.42
Avg. thrust (N) — — — — 1.16 1.15 1.37 2.19 1.16 2.88 3.95 7.15
Avg. power (W) 13.6 15.1 15.9 17.6 12.9 18.3 20.0 22.1 13.0 29.8 39.9 70.9
Avg. torque (N�m) 0.99 1.05 1.06 1.17 0.70 1.02 1.15 1.31 1.43 2.30 2.70 3.64
Max. plunge velocity (rad/s) 14.69 14.04 13.60 12.61 16.69 15.02 12.96 11.56 20 20 20 20

Fig. 15 Computed flap motion incorporating motor model
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without conducting additional tuning of the wing dynamics
model. More broadly, the approach presented here is useful in
robotics applications that model the motions of dynamic end
effectors. Often, motions are prescribed as a model initialization
step, with no further regard to the interactive effects of time-
varying forces. The approach offered here seeks to reduce errors
in model outputs by considering how limited actuator capabilities
together with dynamic interactions between forces and motions
may alter the overall system behavior.

The approach presented in this paper provides improved wing
motion predictions, resulting in reduced errors in the modified
strip theory aerodynamic model. To extend the results to include
measures of performance including endurance and range, a battery
derating model is necessary to capture performance loss associ-
ated with battery discharge rate and state of charge. In addition, a
limited set of test cases have been conducted so far to demonstrate
some valid conditions for flight. To further improve the accuracy
of the model, it will be necessary to generate a large matrix of test
cases and statistically evaluate the performance variability. A final
area for future work will be to leverage the present work into an
interactive design tool with a dashboard-style layout similar to
existing quadcopter and airplane tools.1
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Nomenclature

B ¼ empirical stiffness constant
c ¼ chord
C ¼ motor output power empirical constants
c0 ¼ chord at wing root
Cn ¼ coefficient of normal force

Cdf ¼ coefficient of friction drag
�c ¼ chord shape function

D ¼ drag
E ¼ Young’s modulus

Fx ¼ chordwise force
h ¼ wing plunge angle along flapping axis
I ¼ current

Kt̂ ¼ torsional stiffness constant
Ks ¼ motor torque empirical constants
L ¼ lift
m ¼ wing mass
N ¼ normal force

Pout ¼ motor output power
PO ¼ percent overshoot

t ¼ time
T ¼ thrust
U ¼ airspeed
V ¼ voltage

Vx ¼ horizontal velocity on wing section
V̂ 0:25c ¼ resultant velocity at quarter-chord

y0 ¼ semispan
a ¼ relative angle of attack at 3/4-chord

adyn ¼ dynamic stall angle
astall ¼ static stall angle

a0 ¼ zero-lift angle
a0 ¼ angle of attack at 3/4-chord due to unsteady effects
c ¼ dihedral
f ¼ nondimensional span coordinate

gs ¼ suction efficiency

h ¼ chord pitch relative to U
ht̂ ¼ wing twist deflection
h0t̂ ¼ wing twist initial condition

�h ¼ mean pitch angle relative to U
�ha ¼ inclination of flapping axis relative to U

nmax ¼ stall angle coefficient
q ¼ air density
s ¼ torque

xdt̂ ¼ torsional damped natural frequency
xnt̂ ¼ torsional natural frequency
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