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Computational Method to Predict
Three-Dimensional Chatter
Vibration in Cold Rolling
of Flat Metals
Introduced is a three-dimensional, physics-based mathematical model capable of efficiently
predicting self-excited chatter vibration phenomena in the cold rolling of metal strip and
sheet. The described nonlinear chatter model combines the 3D mill structural dynamics
behavior with the elastic–plastic rolling process dynamics to predict conditions of instabil-
ity in a single-stand 4-high mill that can lead to both third-octave and fifth-octave chatter.
Formulation of the 3D chatter model is achieved by coupling the dynamic simplified-mixed
finite element method with a nonlinear roll-bite process dynamics model to capture self-
exciting feedback interactions. In contrast to prior approaches to model chatter in the
cold rolling of flat metals, the presented method abandons several simplifying assumptions,
including 1D or 2D linear lumped parameter analyses, vertical symmetry of the upper and
lower halves of the roll-stack, and continuous contact between the rolls and strip. The model
is demonstrated for a single-stand 4-high rolling mill considering the detrimental third-
octave self-excited chatter condition. Detailed stability analyses that show time histories
of the 3D mill behaviors are presented, respectively, for stable, marginally stable, and
unstable rolling speeds, and for changes in the lower housing stiffness to reflect more real-
istic, asymmetric rolling mill conditions. [DOI: 10.1115/1.4056256]

Keywords: cold rolling, chatter, 3D mathematical model, metals, strip, machine tool
dynamics, modeling and simulation, sheet and tube metal forming

Introduction
The cold rolling of metal strip or sheet is a highly coupled,

dynamic process in which the structural deformation behavior of
the mill (Figs. 1(a) and 1(b)) governs the rolling process parameters
(Fig. 1(c)), and in turn, the rolling parameters govern the structural
behavior. While cold rolling is generally assumed to be a quasi-
static process for the purposes of mill parameter setup (e.g., for pre-
diction/control of strip crown and flatness), small variations and dis-
turbances that create vibrations are always present, originating from
various sources such as roll eccentricity, defective gear teeth, peri-
odic features on rolls due to grinding errors, and variations in Hert-
zian flattening.
As with any dynamic machine, the vibrations in a rolling mill can

be free or forced, but they may also be self-excited such that sus-
tained oscillations of increasing amplitude and energy persist
even after any external disturbance vanishes. Three main vibration
categories have been identified in rolling mills for which significant
strip quality issues (and possibly mill damage) can arise. One type is
torsional, which is forced, and arises from sources such as roll
eccentricity. Torsional vibration, however, occurs at very low fre-
quencies, typically below 30 Hz, and can be mitigated either by
addressing the source or changing the rolling speed. The other
two types, known respectively as “third-octave” and “fifth-octave”
chatter (based on frequency ranges similar to those in musical fre-
quency octaves), are more detrimental since they excite transla-
tional modes of the mill structure, causing periodic changes in the
roll gap spacing and thus the exit gauge of the strip. Among these
two, the fifth-octave type, while commonly referred to as
“chatter”, is nonetheless a forced vibration wherein the source

typically originates in defective gear teeth, roll bearings, or drive
couplings. If such disturbances excite the fifth-octave back-up roll
resonance of the mill stand, then the relative motion between the
work rolls and back-up rolls produces periodic roll surface
defects referred to as roll chatter marks (Fig. 2). Although these
chatter marks also severely affect the strip quality, the fifth-octave
mode can be eliminated by addressing the source or modifying
the rolling speed.
The most detrimental rolling mill vibration, not only in terms of

degradation of strip quality but also because of damage to the mill
structure in extreme cases, is the third-octave kind (Fig. 2), com-
monly referred to as “gauge chatter”. The third-octave chatter is
indeed a case of self-excited vibration in that any disturbance,
however small, if it happens to excite a third-octave natural mode
can result in a mill structural resonance caused by detrimental res-
onant vibration of the work rolls. This self-excitation is due to the
positive feedback or “gain” originating from phase interactions
between the mill stand’s structural dynamics and the core rolling
process variables (Fig. 1(c)) and leads to what is generally referred
to as dynamic instability (Fig. 3). In addition to the self-excitation
nature, amplitudes of vibration also rise very rapidly, and both
these characteristics render third-octave chatter particularly difficult
to control. Hence, it poses an ongoing problem for the rolling indus-
try. Industrial and academic research has identified rolling speed as
the most influential parameter governing its onset, yet because of
the self-excited nature and origin tied to reinforcing interactions
between the mill structural dynamics and the roll-bite process
dynamics, the only practical way to address third-octave chatter is
to reduce the rolling speed. Hence, there always exists a threshold
speed for each rolling configuration (whether single stand or
tandemmill), which may place major unforeseen limitations on pro-
ductivity. Because of the severe consequences of third-octave
chatter vibrations, significant efforts have been made to understand
the general characteristics of chatter as well as to identify and
predict the conditions of dynamic instability that lead to chatter.
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Third-octave chatter is mainly attributed to the primary mecha-
nisms of “model matching” (a term introduced in Ref. [4] when
referring to negative damping effects due to coupling between the
core rolling process and the mill structure in a single stand, i.e.,
without inter-stand tension variation effects); negative damping
(where entry tension variation induces variation in force, which
then acts as negative damping [5]); mode coupling (coupling of
two or more principal modes of vibration as pointed out in
Ref. [6]); and regenerative effects in multi-stand mills (where the
variation of rolling parameters for one stand affects the other
stands) [1]. For understanding the characteristics of chatter

vibrations, as well as predicting their onset, attempts have been
made to develop mathematical models to investigate chatter and
the precursor conditions of dynamic instability. A complete
chatter model necessarily involves two coupled sub-models: one
to simulate/predict the rolling process phenomena (i.e., the roll-bite
mechanics) and another to predict the structural dynamic behavior
of the mill so that interactions between the two, as depicted in
Fig. 3, can be captured and studied. The relevant major historical
developments in both rolling process modeling and structural
dynamics modeling for cold rolling of flat metals are briefly dis-
cussed next.

Fig. 1 Depiction of (a) side-view of a 4-high mill stand illustrating its various structural components, (b) front-view of the roll-
stack showing exaggerated deformation under load, and (c) roll-bite geometry illustrating various rolling process parameters
and positions of entry, neutral, and exit planes [1]

Fig. 2 In fifth-octave chatter, the work rolls (WRs) typically move together in-phase while the back-up rolls (BURs) move
180 deg out-of-phase, which results in periodic feature imprinting on the BURs due to relative roll motions (bottom left
image) [2]. Also shown (bottom center image) are the fifth-octave chatter marks on the strip. In third-octave chatter, which
is self-excited, the WRs and BURs each move out-of-phase while the upper and lower roll stacks move in-phase, potentially
resulting in severe damage to the strip (lower right image) as well as to mill hardware [3]
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Rolling Process (Roll-Bite) Models. Historically, modeling of
the rolling process itself has generally been undertaken using quasi-
static conditions (thus assuming steady-state) via “slab” force anal-
yses under 2D plane-strain conditions. However, to capture the
inherent dynamics of the rolling process, the assumption that spe-
cific relationships between the various rolling parameters remain
the same under dynamic conditions as for static conditions
needed to be abandoned. Accordingly, Tlusty et al. [5] were
among the first to put forth a complete chatter theory [7]. They
attempted to show the influence of the rate of change of the roll
gap on the rolling force by including the variation of exit strip thick-
ness, which was assumed to change harmonically (according to an
identically varying roll gap), while entry thickness remained cons-
tant. Although their model gave a better prediction of the rolling
force variation under dynamic conditions, the formulation was
still overly simplified; it was derived using the simple Tresca
yield criterion, and it assumed that the neutral plane coincided
with the exit plane (Fig. 1(c)) and also that the exit velocity
remained constant and was the same as the peripheral velocity of
the work rolls. Furthermore, no nonlinear effects (such as material
or geometric nonlinearities) were considered.
Yun et al. [3,6,8,9] later built upon the idea of including both the

change in roll gap spacing and the rate of change of roll gap spacing,
while relaxing several assumptions previously employed by Tlusty.
Yun et al.’s developments required a modification to the existing
mass flow equation through the roll bite to accommodate the rate
of change of roll gap spacing. This allowed for variation of the
neutral plane location, and the resulting model was superior in pre-
dicting dynamic variations in specific rolling force. Yun et al. also
argued that mode coupling between two or more principal modes of
vibration could contribute to dynamic instability, and thus, they
introduced the concept of a multi-directional (vertical and horizon-
tal) model wherein motion of the work roll was allowed in more
than one principal direction (as applied to the upper work roll in a
symmetric 2-high mill model). However, it was Hu [4] that later
proposed a more comprehensive model that could predict the
dynamic force variations in both vertical and horizontal directions
while relaxing yet further assumptions that an actual multi-modal,
multi-directional chatter model was possible. Hu incorporated a lin-
earized form for adaption into a state-space representation to study
the stability of mills in chatter analyses.
Since then, many chatter models have used Hu’s approach with

varying degrees of simplification or alteration for chatter analyses,
typically in the linearized form. More recently, Zhao [1] proposed

an improvement by building on the idea put forth by Hu [4] of a lin-
earized representation, but wherein Zhao included strain-hardening
effects of the strip, as well as roll flattening effects neglected by Hu
in Ref. [4]. Zhao also argued that the friction factor approach (intro-
duced by Wanheim and Bay [10]) used in Ref. [4] may not be sui-
table for high-speed rolling where friction stress is generally
significantly less than the rolled material’s shear strength. Zhao’s
formulation for the prediction of rolling force is based on the orig-
inal Bland and Ford equation [11].

Mill Structural Models. In the context of chatter investigations,
structural dynamics modeling has not received as much attention as
roll-bite modeling. Indeed, all but a few chatter models in the pub-
lished literature exclusively use linear lumped parameter systems
(either uni-modal [5,7,12–16] or multi-modal [6,8,9,17–23]) in
which the mill stand is represented by a simple spring-mass-dashpot
system. A few attempts have been made to include a 3D roll-stack
modeling approach to emulate the mill structural dynamics [24–27],
although not for any chatter investigation. Implementation of struc-
tural models over the years for general dynamic analyses, including
characteristics and drawbacks, were discussed in detail in recent
work by the authors in Ref. [27] in which an efficient, general-
purpose, nonlinear 3D dynamic model was introduced to predict
the time history of structural dynamics for various mill configura-
tions. As detailed later, this structural model in Ref. [27] is
adapted for the chatter analyses in the work here because it
addresses some of the major research deficits in prior chatter inves-
tigations, specifically:

• Lack of the 3D bulk-body deformation behavior (i.e., no
accommodation for transverse bending, non-uniform Hertzian
roll flattening, or shear-type roll-stack deformations) due to the
adoption of linear, lumped parameter systems.

• Assumption of vertical symmetry of the mill about the strip
thickness mid-plane.

• Assumption of constant and continuous contact between the
strip and the work rolls.

• Representation of nonlinear contact behaviors using discrete,
linear springs (including for “hard” nonlinearities such as
localized loss of work-roll/strip contact at transverse locations
across the strip width, and “soft” nonlinearities such as varying
Hertzian contact flattening stiffness).

• Inability to adapt to different mill configurations, particularly
complex 20-high cluster mills.

Fig. 3 Representation of the closed-loop interactions between the mill structure and rolling process parameters that can lead
to self-excited chatter vibrations in the cold rolling of metals [3]
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• Inflexibility to account for transverse variations in contact
conditions based on the presence of conventional flatness
control mechanisms, as well as the inability to capture micro-
scale to macro-scale transverse contact mechanics coupling
behaviors [28].

As shown in Ref. [27], abandoning the assumptions above pro-
vides for improved physics-based predictions of mill structural
behavior, which can include efficient time histories of the strip
thickness profiles (due to capturing of the 3D bulk-body deforma-
tions), as well as coupled mode shapes of the rolls (e.g., coupling
of bending and non-uniform Hertzian flattening). Accordingly,
introduced and demonstrated in this work is an n-degree-of-freedom
(n-DOF), nonlinear, 3D chatter model obtained by coupling the
dynamic simplified-mixed finite element method structural model
(D-SM-FEM) [27] with the roll-bite model described by Zhao in
Ref. [1]. While the approach presented is readily adaptable to multi-
stand (tandem) mills, the stability analyses in this work are demon-
strated on single-stand mill configurations to allow for a sufficiently
detailed study of the associated chatter phenomena, which include
new observations based on the relaxation of assumptions mentioned
earlier.

Mathematical Model
Described next is a brief mathematical description of the

dynamic structural model (D-SM-FEM) and its coupling with
the roll-bite process model. The resulting consolidated 3D
model is capable of thorough chatter investigations, including
the most detrimental third-octave self-excited mode that drives
ongoing research because of its severe limitations to rolling
mill speed and mill productivity. A detailed description of the
D-SM-FEM structural model formulation is given by the

authors in the previous work; however, key equations are reiter-
ated below.

Structural Dynamics Model. The 3D dynamic roll-stack defor-
mation structural model or D-SM-FEM, detailed in Ref. [27],
involves combining the static simplified-mixed finite element
model (SM-FEM) [29,30] with a Nemark Beta direct time integra-
tion technique (NM-Beta). Although full details of the SM-FEM
model are not included here, the key equations are given in
Eqs. (1a)–(1c), wherein the 3D displacement vector of translations
and rotations with respect to the local (x, y, z) coordinate frame at
each node j is uj= {uj vj wj θxj θyj θzj}

T. The 4-high mill schematic
in Figs. 4(a) and 4(b) provides for visual interpretation. Terms [K1,i

T ]
and [K2,i

T ] in Eq. (1b) are 12 × 12 Timoshenko elements of adjacent
contacting rolls, 1 and 2, such as the work roll and back-up roll (the
strip is assigned zero bending/shear stiffness). The second term on
the right side of Eq. (1b) contains continuous foundation stiffness
coupling terms between the two adjacent bodies. Parameter θ in
Eq. (1c) is the inter-roll inclination angle, which accounts for
both vertical and cluster roll-stack configurations (θ = 90 deg for
vertically oriented 2-high, 4-high, and 6-high mills [27])

[KG(u)] u = f (u) (1a)

[K1,2,i
G ] =

[K1,i
T ] [0]

[0] [K2,i
T ]

[ ]

+

�li
0k feq (x)[N11]dx −∫li0k feq (x)[N12]dx

−∫li0k feq (x)[N21]dx ∫
li
0k feq (x)[N22]dx

[ ]
(1b)

Fig. 4 (a) and (b) Schematic of static simplified-mixed finite element method (SM-FEM) on the upper section of the 4-high mill
[29,30]. (c) Comparison of strip reduction deviation between SM-FEM and a multi-physics continuum finite element model
(using Abaqus® v6.14) for experimentally measured work-roll dia. profiles [31,32]. (d ) Comparison between SM-FEM predicted
strip exit thickness profile and measured thickness profile from a 6-high continuously variable crown (CVC) mill [30,33]
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Each integrand term [Npq] in Eq. (1b), for p, q∈ {1, 2}, is defined
as follows:

[N pq] = [Nvp]
T [Nvq] sin

2 θ + [Nwp]
T [Nwq] cos

2 θ

+ [Nvp]
T [Nwq] sin θ cos θ + [Nwp]

T [Nvq] sin θ cos θ (1c)

Figures 4(c) and 4(d ) show, respectively, multi-physics and
experimental comparisons for the SM-FEM model prediction capa-
bility. Figure 4(c) indicates close agreement in the strip reduction
deviation between SM-FEM and a large-scale, multi-physics con-
tinuum finite element model (Abaqus® v6.14) [31]. Figure 4(d )
shows agreement between the SM-FEM predicted exit strip thick-
ness profile and the corresponding experimentally measured
profile from a 6-high continuously variable crown (CVC) mill
[30,32]. Given these favorable comparisons, the SM-FEM model
is assumed appropriate for chatter model adaption. Moreover, as
detailed in Ref. [27], the damped steady-state solution using the
dynamic version of the SM-FEM model matches the original
static solution, demonstrating spatiotemporal convergence and
numerical stability.
Integration of the above-mentioned static global system of equa-

tions in the time domain is achieved via NM-Beta using average
acceleration method parameters (γ= 0.5 and β= 0.25). The corre-
sponding global, discretized equations of motion using the static
SM-FEM model can be written as

[M]ü + [C]u̇ + [KG(u)]u = f (u, t) (2)

where u is the displacement vector, [M] is the mass matrix, [KG(u)]
and f(u, t) are the stiffness matrix and load vector from the
SM-FEM formulation given earlier. One of the advantages of the
NM-Beta method is that even though it is an implicit time integra-
tion method, it is still possible to obtain explicit expressions based
on the previously known solutions as the time is incrementally
advanced. With known initial conditions, the displacement vector
can be obtained per Eq. (3)

[K̂]u(t + Δt) = F̂(t + Δt) (3)

where [K̂] and F̂ are the effective stiffness matrix and effective load
vector, respectively, defined by Eqs. (4a) and (4b)

[K̂] = [K] +
1

βΔt2

( )
[M] +

γ

βΔt

( )
[C] (4a)

F̂(t + Δt) = f (t + Δt) + [M]
1

βΔt2
u(t) +

1
βΔt

u̇(t) +
(1 − 2β)

2β
ü(t)

[ ]

+ [C]
γ

βΔt
u(t) −

(β − γ)
β

u̇(t) −
(2β − γ)Δt

2β
ü(t)

[ ]
(4b)

With known displacement vector for the current time-step, acceler-
ation and velocity can then be obtained for the current time per Eqs.
(5) and (6)

ü(t + Δt) =
u(t + Δt) − u(t)

βΔt2
−
u̇(t)
βΔt

− ü(t)
1
2β

− 1

( )
(5)

u̇(t + Δt) =
γ(u(t + Δt) − u(t))

βΔt
+ u̇(t) 1 −

γ

β

( )
+ Δt ü(t) 1 −

γ

2β

( )
(6)

In this D-SM-FEM formulation, the use of a “dynamic strip
modulus” (Fig. 5) effectively makes the system behave elastically
(i.e., linearly) at each time-step rather than being nonlinear
elastic–plastic in time. Moreover, since both the “hard” nonlineari-
ties (e.g., loss of contact) and “soft” elastic–plastic-type nonlinear-
ities are accounted for iteratively within each time-step (i.e., inside
the SM-FEM per Eq. (1)), the system is piecewise linear in the time
domain. In such a piecewise linear system, classical damping (i.e.,

mass and initial stiffness proportional damping) can be applied
without the concern of any spurious damping issues. The mill
housing stiffness is included via discrete spring representation, as
in Fig. 6.

Roll-Bite Process Model. A critical aspect in replicating
dynamic interactions between the rolling process and the mill struc-
tural dynamics relates to real-time variations in the working point or
“operating point” relations between specific rolling force and plastic
strain of the rolled strip, which change according to perturbations
the roll gap, entry/exit plane locations, speeds, and tensions. As
mentioned earlier and illustrated in Fig. 5, these variations in the
working point are incorporated in the D-SM-FEM via the concept
of a dynamic strip modulus (SM) based on the secant (or tangent)
relationship between specific rolling force and plastic strain at the
working point, but where the strip modulus is updated at every time-
step per Eq. (7)

SM = k f1 =
f

h1 − h2
(7)

where h1 and h2 represent the entry thickness and the (anticipated)
exit thickness at the widthwise center location of the strip, and f is
the specific rolling force required to achieve the thickness reduction,
h1− h2.
As discussed in the earlier Structural Dynamics Model section,

numerous dynamic rolling process models have been developed
over the years with varying degrees of assumptions and simplifica-
tions, and each can be used to obtain the required rolling (separa-
tion) force exerted by the strip at the given time-step. As noted
already, the homogeneous dynamic rolling process model by
Zhao [1] is used. The corresponding input and output parameters,
along with their relationships, are reiterated below.
Referring again to Fig. 1(c), the input parameters include the

current roll gap and the rate of change of roll gap (hc, ḣc), the
strip entry thickness (h1), the tensile stress/tension at entry and
exit sides (σ1, σ2), and the peripheral velocity of the roll (vr).
Output parameters include the specific rolling force ( f ) and the
strip velocities at the entry and exit (u1 and u2). The relationship
between the input and output parameters of the roll-bite model is
given in Eqs. (8)–(10). Note that the model also gives total

Fig. 5 Depiction of “dynamic strip modulus” as the tangent (or
secant) of the unit rolling force versus plastic thickness strain
(reduction) at the working point of the mill. The strip modulus
can change with variations in the thickness strain on the same
unit force versus plastic strain curve (shown as three dots on
same curve) such as in the case of model matching phenomena
(introduced by Hu [4]) where speed, tensions, etc., remain cons-
tant while the required rolling force effectively becomes a func-
tion only of the roll gap and rate of change of roll gap. The
strip modulus can also vary based on an entirely new force
versus plastic strain relationship (even for the same thickness
strain) due to variation in the tensions and speed, as shown
with distinct curves.
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torque,M as an output, although it is not needed in the current work.

f =
∫x1
xn

p−dx +
∫xn
x2

p+dx (8)

u1 =
1
h1

vr hc +
x2n
R′

( )
+ (x1 − xn)ḣc

[ ]
(9)

u2 =
u1h1 + (x2 − x1)ḣc

hc +
x22
R′

(10)

In Eqs. (9) and (10), R′ is the deformed work-roll radius (calculated
per Eq. (11)), and p− and p+ are the entry side and exit side pres-
sures, respectively, as per Eqs. (12) and (13)

R′ = R 1 +
16(1 − ν)2

πE

f

(h1 − h2)

[ ]
(11)

p− = (Kf ,1 − σ1)
Kf h

K f ,1h1
eμ(H1−H) (12)

p+ = (Kf ,2 − σ2)
Kf h

K f ,2h2
eμ(H−H2) (13)

H = 2





R′

hc

√
tan−1

x





R′hc

√
( )

(14)

Kf = s0 + Aεn (15)

In the above-mentioned formulation, Kf is the deformation resis-
tance of the strip, s0 is the yield strength, and A and n are the respec-
tive strain-hardening parameters of the strip material. Longitudinal
positions of the entry plane (x1), neutral plane (xn), exit plane (x2),
and strip thickness at position x relative to the centerline between
the work rolls are required in the above and can be obtained
through the following relations:

x1 =













R′(h1 − hc)

√
(16)

x2 =
R′hcḣc

2 u1h1 − x1ḣc
[ ] (17)

xn =






R′hc

√
tan

1
4





hc
R′

√
H1 + H2 −

1
μ

Kf ,2 − σ2
Kf ,1 − σ1

h1Kf ,1

h2Kf ,2

[ ]( ){ }
(18)

h = hc +
x2

R′ (19)

In Zhao’s original work, the above-described roll-bite model
was used following linearization due to its nonlinear and implicit
nature. In this work, however, the equations are used in their
original nonlinear form, as is in Eqs. (12)–(19). Once the entry,
neutral, and exit positions are computed (iteratively) and the
neutral point location converges (to within 0.1%), the entry
side pressure, p−, and exit side pressure, p+, are integrated to
obtain the specific rolling force, which is then used to update
the dynamic strip modulus in Eq. (7). Since the roll-bite model
only requires the roll gap (hc) and rate of change of roll gap
(ḣc), the specific force can be obtained iteratively from the roll-
bite model until convergence; it is then directly incorporated
into the structural dynamics model via the dynamic strip
modulus. The advantage is emphasized that all hard and soft non-
linearities arising from structural and contact behaviors are
handled within the D-SM-FEM model itself, so there is no
need for linearization of the roll-bite model relationships unless
an increase in computational efficiency is sought (which may
not be justifiable considering the accuracy improvement in the
results and retained efficiency even when employing the nonlin-
ear relations).

Single-Stand Chatter Model. Implementing the coupling
between the D-SM-FEM structural model and the roll-bite model
via the dynamic strip modulus concept, a single-stand chatter
model can be formulated, as shown schematically in Fig 6.
Here, the inter-stand tension effects are incorporated by including

entry and exit side winder/unwinder mandrels. The instantaneous
variations in tensile stress/tension at the entry and exit are computed
per Hooke’s law (Eqs. (20) and (21))

σ j,t = σ j,t−Δt + Δσj (20)

= σ j,t−Δt ± E/L

∫t
t−Δt

(Δuj − Δumj )dt (21)

where j∈ [1, 2] for entry side and exit side, respectively, and um
represents the mandrel velocity. For simplicity, it is assumed that
mandrel velocities are constant, i.e., Δum1 = Δum2 = 0.

Fig. 6 Illustration of loading condition and model implementation considering mill housing
stiffness displacement (dhs). Depicted are upper sections of a mill housing in (a) initial
(unloaded) position and (b) loaded position. Also shown in (a) and (b) are (i) the mill posts,
(ii) the equivalent discrete housing stiffness representation via springs, and (iii) alternate
equivalent stiffness representation that replicates the hydraulic cylinder movement d in (ii),
even in the loaded position (reproduced from Patel et al. [27]). Note that in Ref. [27] the
housing stiffness was implemented only on the top stack whereas ends of the lower back-
up roll (bearing locations) were numerically fixed to represent rigid (infinite stiffness) lower
housing supports. In this work, however, finite housing stiffness is employed at both upper
and lower mill housing supports.
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Results and Discussion
The goal accompanying the case studies presented in this section

is to demonstrate the ability of the combined D-SM-FEM method
and the adopted roll-bite force model to address the absence of
chatter models in literature employing 3D bulk-body deformation
effects and to address the limitations identified earlier regarding
structural modeling deficits in the existing chatter models. Also,
while the types of case studies and stability analyses typically
found in the literature, e.g., studying the effects of friction,
tension variations, etc., are possible to examine, the aim of the
cases presented here is instead to demonstrate the 3D chatter mod-
eling capability while also rigorously accounting for the nonlinear
roll-bite coupling behavior and the nonlinear structural dynamics/
bulk-body deformation effects.

4-High Mill With Symmetric Housing Stiffness. Analogous to
most prior chatter studies in which a vertical symmetry assumption
is employed, the cases involving a 4-high mill in this section
employ identical mill housing stiffness at the top and bottom

support regions (Fig. 5) to replicate symmetric conditions (asym-
metric housing stiffness cases are presented in the next section).
Three studies are provided, corresponding respectively to stable,
marginal, and unstable cases, demonstrating the ability of the 3D
chatter model to predict self-excited vibrations.
The D-SM-FEM structural dynamics model is initially executed

without coupling the roll-bite process model until a steady-state is
reached (this part of the simulation, including spatial and temporal
discretization, is the same as that presented in the previous work to
investigate only the structural dynamics [27], where the strip and
mill data and rolling conditions are listed in Tables 1 and 2.
However, note that housing stiffness is applied to both upper and
lower BUR supports, versus only at the upper support in
Ref. [27]). Steady-state is defined in this context as the relative dis-
placement of upper work roll (UWR) converging to within 10−4%,
or an absolute value of 10−8 m after the mill is loaded with instan-
taneous displacement boundary condition at the top of the housing
spring element, as shown in the earlier Fig. 6.
For convenience, it is assumed based on prior verification that

steady-state is attained after 250 ms (which corresponds to the
5000th time-step in a temporal convergence study with the same
mill and conditions as in Ref. [27]). Once the steady-state is
reached, the roll-bite model is coupled with the structural dynamics
model and the dynamic strip modulus becomes active in each time-
step according to the specific force computed via the roll-bite
model. Note that damping in the system is simultaneously
reduced to 2.5% of the critical damping instead of the previous
12% used to attain steady-state.
Even though at this 250 ms time instant, the system can be

viewed for practical purposes as at steady-state (since roll gap
changes are on the order of 10−11 m), note that with such a nonlin-
ear dynamic system, “true” steady-state is impractical to achieve;
this is because residual vibrations manifested by these very slight
changes in the roll gap are still present, and may in fact be reflective
of actual vibrations in the mill due to cyclic elastic Hertzian flatten-
ing of the rolls, or other sources that are always present in any real
rolling operation (even absent any variations in the roll speeds or
entry thickness of the strip). As such, in the following results dis-
cussed, note that all variation onsets in the rolling force and other
parameters are simply due to changes in the roll gap that originate
from these very small residual vibrations. In other words, there is no
external disturbance used to excite the system. Also note that the
magnitudes of steady-state parameters of the roll-bite process
model and their variations in the transient state are functions of
many other parameters, including the reduction ratio, friction con-
ditions, and material behavior considering strain-hardening, etc.
Absent comprehensive experimental data with which to compare
and validate the results, the parameters in these simulations are in
a sense arbitrary, but are selected based on practical knowledge
and experience of the rolling process. This latter point is understood

Table 1 Material constitutive model (isotropic hardening)
parameters of 301 stainless steel strip

Material
Yield strength

(MPa)
Strength

coefficient (MPa)
Strain-hardening

exponent

Stainless
steel 301

283 2987.49 0.7475

Table 2 4-high mill dimensions and rolling parameters

Parameter Value

Work-roll diameter 76.2 mm
Back-up roll diameter 304.8 mm
Work roll face length 305 mm
Back-up roll face length 305 mm
Work-roll neck diameter 50.8 mm
Back-up roll neck diameter 187.2 mm
Work roll neck length 152 mm
Back-up roll neck length 152 mm
Distance between bearings on work roll 457 mm
Distance between bearings on back-up roll 457 mm
Work roll and back-up roll Young’s modulus 207 GPa
Strip width 209.6 mm
Entry thickness 2.576 mm
Exit thickness 2.382 mm
Reduction ratio 7.495%
Strip modulus (initial) 10.14 GPa

Fig. 7 Schematic illustration of single-stand chatter model, obtained by coupling of the structural model (D-SM-FEM) and roll-
bite model, and showing relay of coupling parameters, including the roll gap spacing (hc), rate of change of roll gap spacing
(ḣc), and roll separation force (the force is subsequently used to update the dynamic strip modulus)
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given that complete data corresponding to 3D chatter studies are
non-existent in the published literature.

Stable Case. Figure 8 shows the variation in the roll gap (at the
mill center with respect to the widthwise direction of the strip) as
well as the displacements of UWR, lower work roll (LWR), and
back-up rolls (UBUR, LBUR) for a rolling speed of 5.08 m/s.
Here, note that for the new steady-state conditions after coupling
(at 1400 ms in these plots), the roll gap variation (and thus roll dis-
placements) do not revert to the relative zero with respect to the
imposition of roll-bite coupling at 250 ms. In other words, the roll
gap seems at first to be permanently changed; however, this is not
the case. It is because the assumed steady-state reference with
respect to which the results are plotted (i.e., those at 250 ms) is
not actually the true steady-state. Recall that even at 250 ms the
rolls were still vibrating with displacements on the order of
10−9 m and were still progressing toward the true steady-state.
Hence, it is due to this specific initial condition displacement at
the moment of coupling that we see an apparently different
steady-state in this stable system. Also, note that the phase differ-
ence between the upper and lower halves of the roll stack, i.e.,
between the UWR and LWR and between the UBUR and LBUR,
is zero so both upper and lower roll stacks are in-phase. Before
the roll-bite model coupling, when the mill was loaded, there
existed a continuously changing non-zero phase difference due to
the initial instantaneous loading condition and damping, however,
with progressing time the phase difference was converging
toward zero (as the system converged toward steady-state). In a

stable system like this, this trend is maintained even after coupling
with the roll-bite model occurs. In fact, the trend is accelerated such
that the upper and lower stacks quickly go in-phase. The reason for
this accelerated convergence to zero phase difference is that, before
the coupling, only structural damping (provided via Rayleigh
damping) played a role in the system stability or removing energy
from the system, whereas after the coupling, in addition to the struc-
tural damping the positive damping from the variations in the roll-
bite parameters also begins removing energy from the system.
Moreover, as is widely known, structural damping is propor-

tional to velocity, so as the system converges to steady-state, the
amount of energy removed by structural damping also converges
to zero. Accordingly, the rate of convergence towards the true
steady-state also continues to decline (hence, the reason why
steady-state needs to be defined using convergence criteria for
such a nonlinear system). On the other hand, after coupling, the
energy removed as a result of the phase difference between the
various rolling parameters assists the system as a whole to attain
a steady-state more rapidly.
It is worth mentioning here that one of the assumptions in Zhao’s

roll-bite model is that the product of strip thickness and deformation
resistance of the strip along the contact arc remains constant. This is
a fair assumption for significantly hardened strips typically entering
the latter stands in a tandem mill, but it may be inappropriate for
annealed strips entering the first stand. Notwithstanding this simpli-
fication, the objective of this work is on the development of a 3D
chatter model with the sufficient predictive capability to identify
dynamic instabilities; more suitable roll-bite model representations

Fig. 8 Time history of (top) normalized roll gap at the axis center; (bottom left) normalized displacement of upper and lower
work roll mid-points, and (bottom right) normalized displacement of upper and lower back-up roll mid-points for stable case (vr
=5.08 m/s) with symmetric housing stiffness
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corresponding to the actual mill and strip conditions with which this
new modeling approach is applied can be readily incorporated.
Figure 9 shows the displacements of the UWR (top left) and

UBUR (top right) with corresponding frequency responses shown
below for the undamped system (i.e., not coupled to the roll-bite
model). Various natural frequencies of the mill structure compo-
nents (UWR and UBUR) falling within the third- and fifth-octave
ranges are clearly seen. Note that since this dynamic behavior is
governed solely by the uncoupled D-SM-FEM model, the fre-
quency responses shown are for the mill structural components
and the strip modulus corresponding to the required rolling force
at the start of the simulation. Once coupling occurs, the frequency
responses change continuously due to the implementation of the
dynamic strip modulus (the foundation stiffness representing the
strip is changed). Therefore, note that even though such plots of fre-
quency response can be generated for estimation of the natural
third-octave and fifth-octave chatter frequencies, doing so is not
as effective in a nonlinear system as it is in a linear system since
the stiffness is changing at every time-step. Indeed, for a change
in rolling speed, a new frequency response will be generated.
Also note that, due to structural damping, many frequencies will
be suppressed to a great extent in a damped case or stable case,
thus not revealing significant power in the frequency response
plot although these could in fact be excited and become resonant
if the mill is simulated (operated) at that speed. 3D Plots showing
the time history of the true mode shapes of the rolls for the stable
case are in Appendix Figs. 18 and 19.

Marginally Stable Case. As one would expect from industrial/
experimental observations, with an increase in speed the system
generally tends toward an unstable system because rolling speed
is identified as the most influential parameter governing the fre-
quency of mill structure component vibrations. In the transition
from a stable to unstable speed, there exists usually some speed
(known as the critical or threshold speed) that represents the limit
of stability wherein the system is marginally stable, and thus,
increasing the speed beyond this point will result in an unstable
system (until any subsequent stable region is reached).
Figure 10 demonstrates the results of a marginally stable case for

this mill configuration obtained at a rolling speed 8.84 m/s. Note

that, being marginally stable, the variation in the roll gap (or struc-
tural vibration) would persist indefinitely regardless of amplitude;
note that this amplitude of the sustained vibration depends on the
energy balance between the energy added by negative damping
effects via the roll-bite model and the energy removed by the struc-
tural damping (structural damping here represents both the mill
structure damping and material damping arising due to plastic
deformation of the strip).
Because of the interactions between roll-bite parameter variations

and the structural model, there is a phase difference between the
upper and lower roll-stack portions of the mill. Moreover, since
the variation in the specific force affects the dynamic strip
modulus, i.e., the instantaneous foundation stiffness of the strip,
any change in this stiffness is experienced by the upper and lower
stack portions in opposite directions. Note that if the rolling speed
were sufficiently low for the system to be stable (such that the neg-
ative damping effects from the roll-bite model do not dominate),
then the injection of phase difference from variations in the strip
modulus, as counteracted by the structural damping, would be
insufficient to change the phase difference trend between the
upper and lower work rolls. After sufficient speed increase,
however, the net effect of roll-bite parameter variation is to inject
overall negative damping, at which point this dominates the struc-
tural damping; indeed, even if this speed were less than the critical
speed, the work rolls would still go 180 deg out-of-phase. This phe-
nomenon is clearly shown in Fig. 10, where the amplitudes of vibra-
tion of the work rolls (WRs) are becoming smaller at first, but as
mentioned earlier with this condition, the amount of structural
damping also goes down. Once the energies from the negative
damping and positive damping become comparable, we see the
onset of injection of phase difference from negative damping, and
once the energy balance is reached, the roll movements are
completely anti-phase and the vibration amplitudes are sustained
from there on. In other words, a marginally stable case is a limit
of stability in terms of energy. Energy removed by positive
damping of the roll-bite model plus positive structural damping
combines to equal the energy added to the system by negative
damping of the roll-bite model due to certain phase differences in
the variation of the roll-bite parameters. Here, even in the margin-
ally stable case, even though the variation in the roll gap is

Fig. 9 Time history of displacement of mid-point of (top left) upper work roll and (top right) upper back-up roll.
Also shown are the corresponding frequency response plots showing the third-octave and fifth-octave fre-
quency regions. Note that these results are for the undamped system that is also not coupled to the roll-bite
process model, i.e., the 3D structural model only.
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maintained, the actual amplitudes of vibration of the work rolls
decrease because of the structural damping, and once the negative
roll-bite damping and positive structural damping energies are
equal, we see the system sustain the amplitude of vibration from
that point onwards. Therefore, even though the amplitude of vibra-
tion reduces for the work rolls, the energy added by the phase dif-
ference from the roll-bite parameters maintains the roll gap variation
at the same amplitude (or level). This may at first be counterintuitive
since, with a decrease in the amplitude of the displacement of the
work rolls, the roll gap variation amplitude might initially be
thought to decrease. In a truly stable system, however, the rolls
will always tend toward in-phase (reaching toward steady-state).
But in this marginally stable case, the rolls are vibrating
out-of-phase due to the interaction between the roll-bite model
and structural model; energy is being added in such a way that
the work rolls are kept out of phase. Had the structural damping
been lower, however, we would have seen the system go into
chatter. But, note that in a “truly” stable system, even absent any
structural damping, the system could still be stable due to net pos-
itive damping effects from the roll-bite model, i.e., wherein positive
damping in the roll-bite model dominates its negative damping. A
point to be noted in this discussion is that the specific behavior
depends on the amplitude and nature of the disturbance or vibration.
If the disturbance is sufficiently large, in the absence of structural
damping, many frequencies will manifest in the vibrations of the
rolls. This can lead to an unstable or marginally stable system
where amplitudes are not required to be the same in each cycle

but can be constructively or destructively superimposed with
other frequencies.
3D Plots for the upper half surface of the exit thickness profile,

and the reduction deviation in exit thickness, are shown in
Figs. 11(a) and 11(b), respectively. Note that reduction deviation
(which strongly correlates to the onset of flatness/buckling
defects) is defined as the deviation in the thickness strain magnitude
at any transverse location x along the strip width relative to the
average strip thickness strain magnitude of the strip. Also note
that these surface plots represent values relative to the initial
steady-state condition prior to coupling the roll-bite model; i.e.,
the results for time t> 250ms are shown after subtracting corre-
sponding values at t= 250ms.
Interestingly, while the high-frequency variation for the reduc-

tion deviation in Fig. 11 represents corresponding thickness devia-
tions, buckling defects may also result due to the low-order
variations visible. The plotted lines in Fig. 11 (horizontal lines par-
allel to the roll axis) have spacing corresponding to the 80-Hz fre-
quency (the roll gap vibration frequency), and therefore, points on
the plot where lines on the peaks are visible represent purely
80-Hz vibration, whereas locations where the lines are hidden
reveal vibrations at other than 80 Hz. Even though this is a margin-
ally stable system, there is in fact no single frequency of vibration,
which is why we see waves of a lower frequency that can manifest
in buckle formation. 3D Plots showing the time history of the true
mode shapes of the rolls for the marginally stable case are given in
Appendix Figs. 20 and 21.

Fig. 10 Time history of (top) normalized roll gap at the axis center; (bottom left) normalized displacement of upper and
lower work roll mid-points, and (bottom right) normalized displacement of upper and lower back-up roll mid-points for
marginally stable case (vr=8.84 m/s) with symmetric housing stiffness. Because of the interactions between roll-bite
parameter variations and the structural model, a phase difference evolves between the upper and lower roll-stack por-
tions of the mill
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Unstable Case. Increasing the speed beyond the marginally
stable speed of 8.84 m/s, transition into an unstable condition
occurs. Figure 12 shows results of the roll gap variation and
upper and lower stack roll axes displacements relative to the
initial steady-state for 12.7 m/s rolling speed.
Here, the fully self-excited vibration (chatter) due to negative

damping can be clearly seen. To understand the negative damping
phenomenon better, Fig. 13(a) provides a comparison of the
phase relationships between the roll-bite parameters and roll gap

variation for the stable and unstable cases. If one looks particularly
at the phase relationship between the roll gap variation and force
variation for the unstable case in Fig. 13(a), note that the force var-
iation leads roll displacements by about 158.4 deg. This is a differ-
ent phase relationship than the one proposed by Tlusty et al. [5],
wherein it was stated that the phase difference will be 90 deg
during chatter due to negative damping. However, the results here
agree with the arguments made by Zhao [1] in that the energy
added to the system, i.e., to assist the roll movements further by

Fig. 12 Time history of (top) normalized roll gap at the axis center; (bottom left) normalized displacement of upper and
lower work roll mid-points, and (bottom right) normalized displacement of upper and lower back-up roll mid-points for
unstable case (vr=12.7 m/s) with symmetric housing stiffness

Fig. 11 Time history of exit strip parameters with symmetric housing stiffness for marginally stable case (vr=8.84 m/s): (a)
semi-thickness (top half) and (b) reduction deviation (used to assess and control flatness). Note: The primary frequency of
this variation is 80 Hz, and the frequency of the plotted axial line is also 80 Hz. Coupling of superposition of more than one fre-
quency is clearly visible (shown as low-frequency wave).
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the negative damping, is only due to part of the force, not the entire
portion of the force (which would be the case had the phase differ-
ence been 90 deg). Note that a one-to-one comparison to Zhao’s
results in Fig. 13(b) [1] is not possible, however, since Zhao used
a linear lumped parameter system with different roll-bite process
parameters. Nonetheless, the argument that only a part of force con-
tributes to the negative damping can also be clearly seen in the roll
displacements (Fig. 12, or even the marginally stable case of
Fig. 10).
Thus, whether the onset of chatter occurs or not, this illustrates

the fact that only part of the energy is added and used to assist
the motions of the rolls since in the initial times (250 ms to
600 ms) the absolute amplitude of vibration of works rolls (and
back-up rolls) is decreasing (even though in the unstable case
the roll gap is increasing). Note again, however, that the results
here do not allow for direct comparison with either Tlusty’s or
Zhao’s. For a more detailed investigation and accurate phase rela-
tionship assertions, actual industrial data for the mill and rolling
parameters would be required, including the mill housing stiff-
ness. 3D Plots showing the time history of the true mode
shapes of the rolls for the unstable case are given in Appendix
Figs. 22 and 23.

4-High Mill With Asymmetric Housing Stiffness. Although
the foregoing cases represent analogous studies to the vertical sym-
metry cases typically examined in the literature and involving linear
lumped parameter systems, in reality the housing stiffness values at
the upper and lower roll-stack supports are different, and indeed, the
respective vibrations of rolls in the portions of the upper and lower

stack are also asymmetric, as shown in previous work by the authors
[27], and experimentally confirmed in Ref. [34]. Accordingly, the
symmetric unstable case just examined (12.7 m/s rolling speed) is
now simulated using three different lower housing support stiff-
nesses (double or “2X,” quintuple or “5X,” and infinite stiffness)
applied between the bearing locations on the bottom back-up roll
and the bottom of the mill. Figure 14 shows the roll gap variations
for these asymmetric housing stiffness cases. It is clearly visible
here that, with all three housing stiffness increases at the bottom
of the mill, the system becomes stable. Note that the roll gap vari-
ations are now no longer converging to the same value. This is
because, as alluded to earlier, the initial conditions at the point of
roll-bite model coupling (at 250 ms) are unique for each bottom
housing stiffness, and once the coupling is enacted, the system sta-
bility is governed by the combined effect of energy added or
removed through the net negative/positive damping induced via
roll-bite variations as well as the energy removed through
positive structural damping. 3D Plots showing the time history
true mode shapes of the rolls for the cases in this section are
given in Appendix B.

Cases With External Disturbance. In the cases discussed until
this point, no external disturbance was given; only the natural,
residual vibration of very small amplitude remained after an
initial mill loading was present at the instant of the roll-bite
model coupling with the mill structural model. Although it is
widely accepted and experimentally shown that truly self-excited
vibration, as in third-octave chatter, does not depend on the
nature or amplitude of any disturbance (but rather on the negative

Fig. 14 Time history of the normalized roll gap at the axis center with varying lower
housing stiffness for unstable case (vr=12.7m/s)

Fig. 13 (a) Plot illustrating the phase relationship between the variation in the roll gap and variation in specific rolling force.
Note that the specific force is found to lead the roll gap variation by 158.4 deg, which agrees with the phase relationship
obtained in Zhao [1], shown in (b)
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damping effect generated due to the phase relationships among var-
iations in the roll-bite parameters and their corresponding interac-
tions with the structural model), to demonstrate the presented
model’s agreement in this regard the three cases (stable, marginally
stable, and unstable) from the first section are now simulated with

an impulse disturbance. A 1% step change in the incoming thick-
ness is imposed for the duration of one time-step (5 × 10−5 s) in
the NM-Beta transient solution to generate this external impulse dis-
turbance. Figures 15–17 show the respective roll gap variations for
the previously indicated stable speed (vr= 5.08 m/s), marginally

Fig. 15 Time history of (top) normalized roll gap at the axis center; (bottom left) normalized displacement of upper and
lower work roll mid-points, and (bottom right) normalized displacement of upper and lower back-up roll mid-points for
stable case (vr=5.08 m/s) with symmetric housing stiffness with impulse disturbance by 1% step change in incoming thick-
ness for 50 µs

Fig. 16 Time history of (top) normalized roll gap at the axis center; (bottom left) normalized displacement of upper and
lower work roll mid-points, and (bottom right) normalized displacement of upper and lower back-up roll mid-points for mar-
ginally stable case (vr= 8.84 m/s) with symmetric housing stiffness and impulse disturbance by 1% step change in incom-
ing thickness for 50 µs
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stable speed (vr= 8.84 m/s), and unstable speed (vr= 12.7 m/s).
From the figures, it is clear that with the external disturbance, the
absolute values of the variations in the roll-bite model are larger
as compared to the disturbance-free cases presented earlier; yet,
the overall trends in the system stability (or lack thereof) remain
unchanged, as expected. Note that for the stable case, even
though a large number of frequencies are excited by the external
impulse because the coupled system is inherently stable the struc-
tural damping is able to suppress all the frequencies very efficiently.
Whereas in marginally stable case, the chatter frequency is not fully
suppressed and the vibration is sustained due to energy added by the
negative damping effect exciting the chatter frequency. As before,
in the unstable case, this negative damping dominates the positive
structural damping. It is important to note here that, because
the absolute values of variations in the roll-bite model are greater,
the amplitudes of vibration for which energy addition and
removal is combined are also greater. 3D Plots showing the time
history of true mode shapes of the rolls for all the cases are given
in Appendix C.

Conclusions
An efficient 3D nonlinear chatter vibration model for cold rolling

mills is developed by coupling the mill structural dynamics,
obtained via the simplified-mixed finite element method, with a
rolling process (roll-bite mechanics) model. Case studies demon-
strating the ability of the new model to predict 3D deformation
behaviors at the onset of dynamic instability, including for self-
excited, third-octave chatter vibration, are presented using a
4-high cold rolling mill. The work, which addresses the lack of
available 3D rolling mill chatter studies in the published literature,
leads to several key findings:

• The inclusion of 3D bulk-body deformation effects of the rolls,
such as coupling between the bending and shear displacements
with Hertzian contact flattening, reveals new transverse

deformation characteristics under conditions of dynamic insta-
bility, including the presence of multi-frequency effects to the
strip thickness profile.

• The coupling interactions between the rolling process mechan-
ics and the 3D mill structural dynamics induce phase changes
in the motions of the rolls as the stability limit is reached based
on increased rolling speed. The results reveal interesting phase
relationships not elucidated in previous research, as well as
detailed effects from the 3D modeling on the strip profile
and shape/flatness.

• Increased dynamic stability and mitigation of chatter are
observed via 3D mill deformation time histories when more
realistic asymmetry conditions between the upper and lower
mill housing stiffness are considered; such effects are not
revealed in prior studies that adopt vertical symmetry.

• In contrast to the prior, linear lumped parameter model repre-
sentations, the nonlinear 3D chatter vibration model reveals
more complex, multi-frequency vibration modes within the
roll-stack, which lead to corresponding multi-frequency
defects on the rolled strip thickness profile.
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Fig. 17 Time history of (top) normalized roll gap at the axis center; (bottom left) normalized displacement of upper and
lower work roll mid-points, and (bottom right) normalized displacement of upper and lower back-up roll mid-points for
unstable case (vr, 12.7 m/s) with symmetric housing stiffness and impulse disturbance by 1% step change in incoming
thickness for 50 µs
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Appendix A
Figures 18–23

Fig. 18 Time history of normalized displacement with symmetric housing stiffness: (left) upper work roll axis displacement,
and (right) upper back-up roll axis displacement, relative to the assumed steady-state (250 ms) for stable case (vr=5.08m/s)

Fig. 19 Time history of exit strip parameters with symmetric housing stiffness: (left) semi-thickness (top surface), and (right)
reduction deviation, relative to the assumed steady-state (250 ms) for the stable case (vr=5.08m/s)

Fig. 20 Time history of normalized displacement with symmetric housing stiffness: (left) upper work roll axis displace-
ment, and (right) upper back-up roll axis displacement, relative to the assumed steady-state (250 ms) for marginally stable
case (vr=8.84m/s)

Fig. 21 Time history of exit strip parameters with symmetric housing stiffness: (left) semi-thickness (top surface), and (right)
reduction deviation, relative to the assumed steady-state (250 ms) for the marginally stable case (vr=8.84m/s)

Journal of Manufacturing Science and Engineering APRIL 2023, Vol. 145 / 041004-15

D
ow

nloaded from
 http://asm

edc.silverchair.com
/m

anufacturingscience/article-pdf/145/4/041004/6959714/m
anu_145_4_041004.pdf by guest on 24 April 2024



Appendix B
Figures 24–29

Fig. 22 Time history of normalized displacement with symmetric housing stiffness: (left) upper work roll axis displacement,
and (right) upper back-up roll axis displacement, relative to the assumed steady-state (250 ms) for unstable case (vr=12.7m/s)

Fig. 23 Time history of exit strip parameters with symmetric housing stiffness: (left) semi-thickness (top surface), and (right)
reduction deviation, relative to the assumed steady-state (250 ms) for unstable case (vr=12.7m/s)

Fig. 24 Time history of normalized displacement with 2× (double) lower housing stiffness: (left) upper work roll axis
displacement, and (right) lower work roll axis displacement, relative to the assumed steady-state (250 ms) for unstable case
(vr=12.7m/s)

Fig. 25 Time history of normalized displacement with 2× (double) lower housing stiffness: (left) upper back-up roll axis
displacement, and (right) lower back-p oll axis displacement, relative to the assumed steady-state (250 ms) for unstable
case (vr=12.7m/s)
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Fig. 26 Time history of normalized displacement with 5 × (quintuple) lower housing stiffness: (left) upper work roll axis
displacement, and (right) lower work roll axis displacement, relative to the assumed steady-state (250 ms) for unstable case
(vr=12.7m/s)

Fig. 27 Time history of normalized displacement with 5 × (quintuple) lower housing stiffness: (left) upper back-up roll axis
displacement, and (right) lower back-up roll axis displacement, relative to the assumed steady-state (250 ms) for unstable
case (vr=12.7m/s)

Fig. 28 Time history of normalized displacement with “infinite” lower housing stiffness: (left) upper work roll axis
displacement, and (right) lower work roll axis displacement, relative to the assumed steady-state (250 ms) for unstable case
(vr=12.7m/s)

Fig. 29 Time history of normalized displacement with “infinite” lower housing stiffness: (left) upper back-up roll axis
displacement, and (right) lower back-up roll axis displacement, relative to the assumed steady-state (250 ms) for unstable
case (vr=12.7m/s)
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Appendix C
Figures 30–32
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