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Onto Quantifying Unsteady
Propulsion Characteristics Using
Momentum and Energy Control
Volume Assessments
This effort presents a novel approach to interrogate efficiency for unsteady, undulating
propulsion using variable momentum and energy conservation (VMEC) assessments.
These integral approaches utilize large amounts of data from computational fluid
dynamics (CFD) to address present difficulties associated with separating thrust from
drag associated with propelling bodies as well as potentially resolve issues associated
with defining a nonzero efficiency for a body in self-propulsion. Such a fundamental issue
is addressed through strategic control volume assessments of the momentum and energy
conservation equations. In this work, the Method of Manufactured Solutions (MMS) is
used to verify the integral-based evaluation approach and better quantify output. The
MMS results indicate the method is valid and that one can separate work associated with
lift and drag from the energy budget. This separation procedure provides a means to
separate propulsive and drag forces. The effort then studies previously validated CFD
simulations of heaving and pitching foils to provide insight associated with separating
axial forces into their thrust and drag components for highly complex systems. The effort
then presents a new efficiency metric that can obtain nonzero efficiencies in self-
propulsion. Overall, the results indicate that energy-based assessments provide insight
that is a step forward toward isolating loss from propulsive mechanisms and developing
proper metrics of efficiency. [DOI: 10.1115/1.4057036]

Introduction

Engineered propulsion systems are often driven by rotational
devices such as propellers. Marine animals, ranging from fish to
mammals, often use deforming/oscillating bodies to provide
efficient, responsive, and particularly quiet forms of propulsion
[1]. Although the underlying flow is complex and unsteady, the
benefits drive an interest in reverse engineering such forms of
propulsion. Unfortunately, the quantification of these processes
is challenged due to underlying complexity in the hydrodynamics.
Just one of the challenges lies in that the desired coupled output (i.
e., thrust) and undesirable inefficiency (i.e., drag) [2,3] are both
driven by underlying pressure and viscous forces that cannot be
decomposed into their propulsive and drag directions. This
paradox drives an underlying and unaddressed challenge in
quantifying propulsive efficiency. The overarching issue peaks
where it is most important, i.e., self-propulsion; at this point there
is a net zero force in the direction of the swimmer (i.e.,
thrust¼ drag). Typically, propulsive efficiency is defined as the
ratio of propulsive work to shaft work. In undulating systems,
however, the propulsive work is poorly defined as thrust and drag
are confounded [4,5]. The underlying question this work revolves
around involves utilizing the abundance of data created through
computational fluid dynamics (CFD) simulations to isolating the
losses for oscillating bodies that generate thrust such that
improved metrics of efficiency can be developed.
Previous approaches have explored separating thrust and drag

from the axial force, but these are inherently approximate and
complex. These approaches can be separated into two methods.
The first elucidates loads experimentally using various snapshots
during a propulsive cycle [6]. The thrust can be measured by

setting the freestream velocity to zero and varying the swimming
kinematics. Another set of experiments with velocity set would
then measure drag at multiple static body positions. The combina-
tion of these thrust and drag measurements create a model for the
axial forces of a swimming fish that can be used to estimate the
propulsive and drag forces. The second approach aims to separate
drag from the propulsive force using the axial force history from a
series of viscous and inviscid numerical simulations [7–9]. On top
of demanding multiple evaluations, these approaches leave open
questions on their accuracy associated with key physical inter-
actions that pose an opportunity to lose information of the fluid
dynamics. For example, they are likely to miss both induced flow
with massive flow separation, accurate dynamic effects, and
induced flow caused by propulsion onto viscous drag. These are
all expected to yield less-than-adequate accuracy for high angles
of attack and anguilliform swimming motions. These uncertainties
challenges design relevant to bio-inspired propulsion driving a
need to develop new methods to assess hydrodynamic efficiency.
Control volumes (CV) assessments are foundational to fluid

dynamic measurements and analyses [10,11]. Their primary usage
is to infer momentum and energy through integral conservation
equations. In hydrodynamics, momentum is used to identify
reactionary force vectors, however recently, energy conservation
has also been used to shed light on forces through gains and losses
[12,13]. The present authors extended the inter-rogation of the
energy equation and a corresponding novel methodology referred
to as variable momentum and energy conservation (VMEC),
which studies momentum and energy conservation on a series of
CVs distributed in the axial flow direction. These CVS demand
additional data on control surfaces that is provided from the
detailed data from a CFD code. In the previous work [14], VMEC
was used to interrogate CFD simulation results of complex three-
dimensional wing aerodynamics. The effort was able to decom-
pose the drag force into its components associated with fluid
dynamic losses, from those associated with lift-induced drag (i.e.,
induced drag). Although the use of this energy-based VMEC
methodology has been evaluated for steady fluid systems, this
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effort pushes the method to a new problem with a much more
complex, unsteady systems.
The paper proposes a formal method to interrogate CFD

simulations using VMEC to identify efficiency in fish-like
propulsion systems. Due to the method requiring extensive
information of the flow field, i.e., velocity and pressure distribu-
tions, it naturally pairs well with CFD. As the method is
theoretical, the underlying validity relates to the accuracy of the
input which in this effort is the CFD solution. Additionally, this
should be considered a postprocessing effort, hence, the time
associated with solution interrogation is negligible relative to
simulation time.
The authors highlight two significant challenges associated with

the VMEC methodology that are important to emphasize. The first
is the demand for an abundance of data on the CVs. This is
typically available to all CFD simulations but is not often
available to experiments. For example, particle image velocimetry
(PIV) may collect velocity measurements, yet miss the pressure
data required to close out CV terms associated with conservation
laws. This drives the initial application of VMEC to CFD, but the
possibility can extend to experiments as measurement technology
develops.
The present paper aims to extend the VMEC approach to two-

dimensional, oscillatory airfoils associated with thrusting undulat-
ing bodies. The paper initiates with a brief introduction of a CFD
model previously validated using experiments and extended in
this work to MMS [15,16]. The effort then extends to this MMS
approach to provide a simplified model of forces associated with
undulating propulsions to provide an avenue to verify the VMEC
method and the proposed separation of forces. Findings from our
verification studies are used then to refine the definition of
propulsive efficiency relevant to undulating/heaving lifting surfa-
ces. The VMEC assessments are then repeated for a directly
resolved heaving and pitching foil based on the experiments of
Read et al. [17]. The effort is then wrapped up by proposing a new
efficiency metric that should be considered for such applications.

Methods

Computational Fluids Dynamics Model. Computational flu-
ids dynamics results generated in this effort are based on the
commercial code, STAR-CCMþ [18]. The numerical solution
utilizes the finite volume method in conjunction with an unsteady,
implicit, SIMPLE segregated solution approach. The models used
in these efforts all have numerical schemes corresponding to
second-order accuracy and maintain a convective Courant number
less than unity. The convective and diffusive terms are discretized
using a second-order, upwind-biased differencing scheme and use
the Venkatakrishan limiter [19]. The transient term is discretized
using a second-order, forward differencing scheme. The model is
developed with assumptions of a two-dimensional, laminar,
isothermal flow. Under these assumptions, the mass conservation
equation is expressed in indicial notation as

@ui
@xi

¼ 0 (1)

and the and momentum equation as

@ui
@t

þ @uiuj
@xi

¼ � 1

q
@p

@xi
þ �

d2ui
dx2i

þ Fi (2)

These conservation equations govern the CFD model. In Eqs. (1)
and (2), ui is the velocity vector, p is the pressure, q is the density,
� is the dynamic viscosity, and Fi is a body force. Fi is set to zero
for calculations associated with undulating airfoils but is used to
drive analytic functions that drive our MMS assessments. This
application of MMS is not to verify the CFD code, but rather, to
verify the code associated with the VMEC approach. Here, we

specify analytic momentum sources to a specific region associated
with a hypothetical airfoil. For simplicity, these source terms use
trigonometric functions that represent undulating systems. Axial
forces are provided as follows

F1 xð Þ ¼ A1

N

m2

� �
sin xxxð Þ (3)

which provide the combination of drag and thrust values that vary
axial in a fashion similar to a resolved heaving and pitching airfoil.
The effort extends to include lift source terms prescribed as

F2 tð Þ ¼ A2

N

m2

� �
cos xttð Þ (4)

This analytic, time-varying lift, provides similar dynamics to
oscillating/heaving airfoils. It is emphasized that these momentum
sources are applied only to specified regions and vary in the
x-direction (i.e., x1) and t. In these equations, A1 and A2

correspond to the body force amplitude. The importance of these
sources is that they can be integrated analytically to provide a
spatially dependent benchmark to verify the VMEC methodology
and code and provide guidance for extensions to more complex
systems.
The numerical domain used within the MMS studies is provided

in Fig. 1. The model prescribes the velocity at the inlet and
pressure at the outlet. At the upper and lower boundaries, an
inviscid wall is used. The computational domain and ambient fluid
properties are provided in Table 1. Table 1 includes the fluid
properties, the computational domain size including the length, l,
and width, w, and the subregion size where the MMS source terms
are locally applied to with a length, lMS, and the width, wMS. The
dimensions of the computational domain and MMS subregion
from Table 1 can be referenced, respectively, to the main figure
and blow-up in Fig. 1. To finalize the description of the MMS
subregion, it is vertically centered and located 1m downstream of
the inlet. The legend in Fig. 1 represents the normalized force
provided by Eqs. (3) and (4). Note that the scale is normalized and
the contour plot indicates the spatial variation at a given time
level.
To quantify the numerical uncertainty associated with the CFD

model, a grid-refinement study was conducted. The error, �,
between the analytic and CFD-predicted body forces is recorded
as a function of increasing grid density and is defined as

� ¼

ð
A xð Þ � N xð Þdx

x

(5)

where A xð Þ represents the analytic result and N xð Þ represent the
numerical result. The refinement study is shown in Fig. 2. Note
that asymptotic convergence is achieved for a normalized

reference mesh size, Dx
lMS
, less than roughly 0.01, and that the error

for the finest mesh size is less than one percent. Note that a

nondimensional time-step of Dt
lMS=V1

¼ 0:005 was also used. Based

on this study, a grid with a nondimensional reference mesh size of
Dx
lMS

¼ 0:01 was considered sufficiently refined and utilized for

consequential CFD simulations.

Variable Momentum and Energy Conservation Control
Volume Approach. To calculate the spatial forces caused by the
momentum sources and compare them to the analytic solutions, a
variable momentum and energy conservation (VMEC) control
volume (CV) assessment is conducted. Traditionally, a single CV
assessment is used to examine fluid dynamics scenarios and infer
insight related to forces and/or energy input/output. VMEC CVs
expand on classical assessments by utilizing detailed flow
information from integral momentum and energy as it varies

061103-2 / Vol. 145, JUNE 2023 Transactions of the ASME

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/fluidsengineering/article-pdf/145/6/061103/6996138/fe_145_06_061103.pdf by guest on 19 M

ay 2023



spatially. Such advancements demand detailed flow information
that modern CFD methods readily provide.
A sample variable CV applied to the MMS case is indicated in

Fig. 1. The CV is labeled as CV(x), which has control surfaces
given by a fixed inlet, inviscid walls on the upper/lower surface,
and variable outlet plane, which is labeled as CS(x). The VMEC
concept aims to evaluate variable CVs that terminate as a function
(x) to obtain new insight and is complicated in that the method
demands a more complex integration on the outlet CS(x). Hence,
the method does not seek to integrate pressure and shear-force
distributions along the surface, but rather infer forces through
integral momentum changes and gather additional insight associ-
ated with integral energy changes. Hence, the method interrogates
both forces and energy aspects as a function of axial distance.
Conventionally, this process is not feasible due to the demand a

high level of flow-field detail. However, CFD methods (and
perhaps PIV) provide detailed character that enables such
integration on these CVs. The solution to the governing equations
provides a description of the pressure and velocity on the
numerical grid. The pressure and velocity can then be extracted to
solve the conservation equations. These spatial VMEC assess-
ments can be split into a spatial momentum conservation (SMC)
and spatial energy conservation (SEC). With respect to SMC and
our flow domain, the integral form of the x-direction momentum
equation can be written to infer the mean axial force (Fx) as

Fx xð Þ ¼

ðt
0

Fx xð Þdt
t

¼
ðð
CS xð Þ

q V1 � �Vxð Þ �V � nð ÞdA

þ
ðð
CS xð Þ

p1 � �pð ÞdA

(6)

where V1 is the freestream velocity, �Vx is the time-averaged axial
velocity, �V is the time-averaged velocity vector, p1 is the ambient
pressure, and �p is the local time-averaged pressure. Note, that the
axial force is composed of thrust and drag, i.e., Fx ¼ T � D.
Equation (6) can be converted into a conventional thrust
coefficient using

CtSMC
¼ � �Fx

1

2
qV2

1lMS

(7)

Note that the SMC form presented the CV assessed appears to
occur on CS(x) which occurs as these integrals include the inlet.
The local terms in the integral terms of Eq. (6), i.e., �V and �p, are
extracted as an interpolation from the CFD model for a fixed
number of points to close the integral. There are, however,
underlying assumptions associated with the time averaging that
demand further discussion.
The utilization of time-averaged solution variables is used to

discard the unsteady volume integral term. Despite the fact that
the fluid dynamics involved in this problem are truly unsteady,
they can be averaged due to their periodic nature. In the limits of
sufficient spatial and temporal resolution, differences in the
application of steady versus unsteady VMEC for periodic flows
analytically approach zero. Hence, we seek to study the flow using
an time-averaged VMEC methodology to simplify the analyses.
A key feature in our method is that we perform spatial

assessments to both momentum and energy equations (i.e., SEC).
Despite the CFD not directly solving the energy equation due to
incompressible and isothermal assumptions, the underlying energy
budget remains present and provides additional insight into flow
character that can be utilized to develop higher-level analyses
[14]. The foundation of the SEC is the energy equation which is
manipulated such that we directly solve for heat generation and
work associated with the resulting impacts of the airfoil and is
given as

�QCV � �WCV ¼�
CS xð Þ

e� e1ð Þ þ V2
1 � �V2

� �
2

� �
�V � nð ÞdA

þ
ðð
CS xð Þ

p1 � �pð Þ �V � nð ÞdA
(8)

Here, we can omit the heat generation term, QCV , and specific
internal energy (e) terms due to isothermal flow assumptions.
Focusing only on the work term, WCV, the energy budget

Fig. 1 Computational domain utilized in the MMS studies. The momentum source region
(length, lms, and width, wms) shown in the zoomed-in scene is characterized by Eqs. (3) and
(4).
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associated with aerodynamic loads associated with mechanical
forces will either add or remove energy from the flow. Under this
simplification, the energy equation can be represented in its SEC
form as

� �WCV ¼�
CS xð Þ

V2
1 � �V2

� �
2

� �
�V � nð ÞdAþ

ðð
CS xð Þ

p1 � �pð Þ �V � nð ÞdA

(9)

Hence, SEC provides a method to spatially quantify the work
added or removed from hydrodynamic forces. In order to interpret
WCV as forces, we evaluate the time-rate-of-change of work (or
power) as follows

d �WCV

dt
¼ �F � V (10)

where F is the hydrodynamic force acting on the body to interpret
hydrodynamic forces (and Fx is, by definition, T � D). Equations
(9) and (10) can be combined to yield the inference of the
mechanical force coefficient as

CtSEC ¼ 1

1

2
qV3

1lMS

�
CS xð Þ

V2
1 � �V2

� �
2

� �
�V � nð ÞdAþ

ðð
CS xð Þ

p1 � �pð Þ �V � nð ÞdA
2
64

3
75
(11)

Although fundamentally the mechanical forces from the momen-
tum and energy assessments are identical, the energy budget
reflects axial variations differently and provides improved insight
on mechanical losses. As found in our previous work [14], the
results provide an ability to decompose losses from energy-
redirection relevant to induced drag which is similarly important
for undulating propulsion.

Method of Manufactured Solutions Verification of

Variable Momentum and Energy Conservation

In this section, the SMC and SEC assessments are evaluated
using the prescribed source terms discussed in Fig. 1. The result is
an MMS-style verification of the methodology associated with
using SMC and SEC. These benchmarks are introduced in series
of studies with increasing complexity to highlight the attributes of
the method.

Isolated Thrust Force. First consider the simplest case of
adding a force in 1D (within a 2D flow solution) that includes a
region of losses and thrust yielding self-propulsion. In this
assessment the force is steady and purely a function of the x-axis
as defined below

F1 xð Þ ¼ �1000
N

m2

� �
sin

2px
c

� �
(12)

F2 tð Þ ¼ 0 (13)

This is an initial model to represent forces experienced by an
undulating swimmer, but the more complex aspects are neglected
for now. In this pure-axial force model, the swimmer undergoes
some drag generation from the leading-edge until the midchord at
which point thrust has begun to be generated with an objective of
displaying the ability to extract the analytic input through SMC
and SEC assessments.
Figure 3 plots a comparison of the force from the leading edge

to axial distance obtained from the analytic, SMC, and SEC
approaches. In Fig. 3, the discrete thrust coefficient (y-axis) is
plotted as a function of the nondimensional chord (x-axis). The
negative slope in Fig. 3 indicates the net drag region and
corresponds to negative work extraction from Eq. (11). Alter-
natively, regions where the slope is positive indicates drag
reduction (or thrust) and corresponds to extracting work from the
flow from Eq. (11). This connection between drag and work
extraction or thrust and work addition is critical to the SEC
assessments.
Now consider how well the SEC and SMC methods compare to

the analytic input. The results from both the SEC/SMC methods
correlate well to the analytic solutions results generated using
CFD have a maximum error of 0.8% compared to the analytic
solutions. Such a result provides a reasonable verification of the
tools and methodology. Additionally, and not unexpected, the
similarity between SMC and SEC highlights the connection
between forces in the momentum equation and energy gains and

Table 1 Numerical domain properties

q (kg/m3) 1000
l (Pa�s) 0.001
w (m) 1
l (m) 6
wMS (m) 0.012
lMS (m) 0.1
dMS (m) 1
Vinlet (m/s) 1

Fig. 2 Grid independence study of SMC assessment using
CFD results. Convergence of error between CFD and analytic
solution.

Fig. 3 Comparison of the axial force evaluated from the SEC
and SMC assessments. This case represents the MMS of a pure
axial force.
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losses. Hence, the SMC and SEC assessments can be used to
separate the local body forces.
A corresponding snapshot of the solution is presented in Fig. 4.

Therein the subdomain where the momentum sources are applied
are outlined using a dashed line and the flow is colored by the
discrete energy within the fluid. This contour plot aids in
interpreting the change in energy shown in Fig. 3. The sinusoidal
behavior of F1 xð Þ can be seen within the dashed outline: the fluid
energy first decreases to its minimum (center of dashed box)
before returning back to near-ambient conditions at x

c ¼ 1. Note
that the wake directly behind the hypothetical swimmer has the
highest energy in the entire flow but is balanced by energy losses
above and below. This is likely dependent on the shear layer
between the wake and freestream. Additionally, note that the
wake, which looks like it has additional energy added to the flow,
is roughly 1% higher than the freestream. The general process of
these energy budgets demands exploring regions of energy gains,
versus regions of energy losses; hence, CV or wake assessments
are critical.

Combined Thrust and Unsteady Lift Force. The studies now
extend to combining axial forces with an unsteady lift that is more
similar to undulating propulsion. To represent such undulating
propulsors, momentum-equation body forces are added and can be
described as

F1 xð Þ ¼ �1000
N

m2

� �
sin

2px
c

� �
(14)

F2 tð Þ ¼ 10, 000
N

m2

� �
cos 5tð Þ (15)

Variable momentum and energy conservation results from this
case are processed and plotted in Fig. 5 and compare the SMC (or
momentum) and SEC (or energy) assessments to the analytic
result. Specifically, the plot indicates the axial body forces
(y-axis) as a function of nondimensional chord (x-axis). Note that
the x-axis range is expanded into the wake and ranges from x

c ¼ 0
to x

c ¼ 5 to emphasize the character of the energy budget in the
wake. The first notable discrepancy occurs between the energy
(SEC) and momentum (SMC) evaluations. Although both
approaches provide a similar trend, the SEC method deviates from
the analytic and SMC evaluation. Specifically, the SEC indicates
an increased drag force at the midchord point, along with an
excess thrust at the trailing edge and through the wake. The origin
of this difference is associated with the scalar property of the SEC
method and combining axial and normal forces. Hence, the SEC

method is also including insight on the energy associated with the
lift which must be handled to focus on axial forces.
To display the character of the energy, the discrete energy is

plotted using a contour map (paralleling Fig. 4) at a point in time
in Fig. 6. Here, the momentum source is again outlined with the
dashed line and the flow is colored by the local discrete fluid
energy. The overall domain has a vertical pattern indicating
increased energy above the airfoil, with a decreased energy below.
Traversing axially in the streamwise direction, one can observe an
imprint of this character and the unsteady history associated with
the unsteady vertical force. These periodic packets of increased
and decreased energy are intended to be somewhat similar to
undulating swimmers and indicates the periodic imprint of
unsteady lift in the energy within the wake. Additionally, as this
lift alters the energy in the flow, it indicates a driver of the
discrepancy in the application of the SEC method of evaluating
axial force.
A key concept that we emphasize is that the normal and axial

momentum CV equations are decoupled, while the energy
equation is a scalar resulting in lift- and drag-associated energies
being combined in the SEC method. Hence, we now seek to
manipulate the SEC and SMC results to isolate the work
associated with lift and drag. The procedure is accomplished
through the realization that the SEC method provides a rise in
energy (D �E) composed of work associated with lift (D �Wlift ffi �w�L)
and axial forces (D �Waxial ffi V1Fx). These work terms are
estimated using the products of the time-averaged lift (�L) and
downwash velocity (�w) and freestream velocity (V1) and axial

Fig. 4 Discrete energy of the flow given by MMS for a pure axial force

Fig. 5 Comparison of axial forces as a function of x using SEC,
SMC, and analytic input. Such MMS cases indicate a potential
pitfall in the SEC method due the combined axial and normal
force energy.
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force (Fx). As V1 and Fx (from the SMC model or force
integration) are readily available, lift work must be inferred. From

Eq. (10), we know the energy rise is given as D �E ¼ F � V. We can
infer D �Wlift as the energy change over the airfoil (D �E ) minus the
work associated with the axial force (D �Waxial) which expands as

D �Wlift ¼ D �E � D �Waxial ffi F � V� FxV1 (16)

This approach avoids the complexity associated with both defining
�w and the �L from the momentum equation which in this scenario
is zero. This approximate procedure enables the decomposition of
the force-related energies.
To validate this approximation, consider reproducing the

analytical momentum source term benchmark to include only lift
source terms (Eq. (15)) while setting the axial source terms
(Eq. (14)) to zero. Results from this lift-focused evaluation are
compared to the combined lift and drag scenario and plot DWlift as
a function of axial position from the leading edge in Fig. 7(a). The
results indicate a virtually identical measure of DWlift thereby
verifying that the lift-generated work can be separated from axial-
work in the SEC assessment. Hence, the energy associated with
lift can be separated from the axial direction.
In order to reveal fluid dynamic losses, the lift work inferred

from the SEC is compared to the associated total work in the
momentum source. A direct calculation of the axial variation of
total work done by the momentum source, �WMS xð Þ, can be
calculated as

�WMS xð Þ ¼

ðt
0

WMS xð Þdt
t

¼
ðwMS

2

�wMS
2

ðx
0

F x, yð Þ � V x, yð Þdxdy (17)

The result is coplotted with DWlift in Fig. 7(b) and, as expected,
indicates that WMMS asymptotes to the final value at the trailing

edge. There is a discrepancy that remains between DWlift and

WMS; this discrepancy is referred to as a loss, Uloss, and is
calculated as

Uloss ¼ WMS �Wlift (18)

Uloss, also plotted in Fig. 7(b) as a solid black line, indicates a
continuous rise from leading edge and asymptotes to a value at the

domain outlet boundary. In the context of self-propulsion, this is a
power-induced loss mechanism that is hypothesized to quantify
the losses.
The underlying lift-associated energy is also of interest. Lift

generation provides a net energy gain to the flow (as indicated in
Fig. 7(b) in the Wlift term at x

C ¼ 1); however, from a propulsion
efficiency perspective, such energy is associated with forces
directed in nonpropulsive directions, hence, is not useful. Because
of this, we need to separate the terms to define a propulsive
efficiency. Additionally, we observed that for x

C > 1, the Wlift

term appears to decrease. Such a decrease is small compared to
the viscous energy loss characterized by /loss. In this context of
this MMS model, the proposed approach displays that lift energy
can be isolated from axial losses and identifies a path to improve
the measure of efficiency.

Results

The VMEC method is now applied to a classical configuration
of marine-animal propulsion. Consider a of heaving/pitching
hydrofoil based on an experiment from Read et al. [17]. CFD
results are based on previously published results from Cole et al.
[20], which included benchmarks of two-dimensional CFD results
with experiments. Overall, the correlation with measured data was
quite good which provides a reasonable data-set to expand our
present studies upon. The effort studies the results with SMC and
SEC assessments to measure the output thrust, drag, and lift
values. Additionally, the end goal aims to define a new efficiency
that considers both mechanical losses and energy attributed to
force added to nonpropulsive directions.

Scenario Studied: Oscillating, Heaving Hydrofoil. The
experiments conducted by Read et al. [17] involve a heaving and
pitching wing with endplates that approximates a two-dimensional
flow. The wing is composed of an NACA 0012 airfoil and is
pitched and heaved about the 1/3 chord point within a tow-tank
with a fixed tow-speed of 0.4m/s. The conditions corresponded to
a Reynolds number of 40,000 and variable Strouhal numbers, St,
that characterize the periodic, heaving motion as follows

St ¼ 4phox
V1

(19)

Fig. 6 Contour plot of the energy at a snapshot from the mms solution that includes axial
and normal forces. Note that wake of the source leaves impressions of the oscillating nature
of the normal force.
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Here h0 is the heave amplitude, x, is the heaving frequency, and
V1, is the towing velocity. The foil height, h, and pitch angle, h,
is varied as a function of time and are characterized using

h tð Þ ¼ h0 sin xtð Þ (20)

h tð Þ ¼ h0 sin xtþ wð Þ (21)

Here h0, represents the maximum pitch angle and w represents a
phase lag between the heaving and pitching motion. The experi-
ments (and CFD model used in this effort) used w ¼ 90 deg. The
effective angle of attack, a, and maximum angle of attack, amax,
can be solved for using the induced velocity of the heaving motion

a tð Þ ¼ � arctan
_h tð Þ
V1

 !
þ h tð Þ (22)

amax ¼ h0 � pSt (23)

Body forces are extracted from the CFD model through integrat-
ing pressure and shear along the body. A subsequent thrust
coefficient can be defined as

Ct ¼ Fx

1

2
qV12c

where c is the hydrofoil chord length. The time-averaged thrust
coefficient is indicated by Ct. Additionally, we seek to identify the
input power into the system using the time-averaged power
coefficient given as

Cp ¼
1
t

ðt
0

Fy tð Þ _h tð Þdtþ
ðt
0

Q tð Þ _h tð Þdt
� �

1

2
qV13c

(24)

where Fy tð Þ and Q tð Þ are the time-varying lift and pitching-
moment acting on the hydrofoil. This power coefficient indicates
the power required to drive the heaving and pitching motion. Note
that Cp is scaled such that it is inline with the thrust coefficient,
hence, can be directly compared. Additional details of the experi-
ment can be found in Read et al. [17].
For completeness, the CFD model is summarized here. A

nondimensional time-step of Dt
c=V1

¼ 0.00125 and a nondimen-

sional reference mesh size of Dx
c ¼ 0.005 was found to be adequate

using a sequence of temporal and spatial resolutions that

determined the results are within the asymptotic range of
convergence. The boundary conditions used in the simulations
included a velocity inlet, pressure outlet, and no-slip walls and are
shown in Fig. 8. Note that the dynamic mesh is achieved using
overset mesh methods where h tð Þ and h tð Þ are imposed on the
airfoil. Additional details of the model, comparison to experiment,
and mesh independence study can be found in Cole et al. [20].

Drag Estimation in Self-Propulsion. Now consider the char-
acter of a case very near self-propulsion where the mean axial
force coefficient is zero. Such a condition was observed to occur
at a St ¼ 0:212, amax ¼ 40o, and h0 ¼ 7:5 cm. For this case, the
CFD model predicted a Ct value of � 0:0238. First consider the
fluid flow character of this case in Fig. 9, which includes contour
plots at a snapshot in time of the normalized fluid energy along
with a plot of Ct versus nondimensional time. The complexity of
both the forces and flow field are noticeably more complex than
for the MMS cases. Figure 9 indicates chaotic irregularities which
cannot be represented by a single periodic function. These
irregularities are associated with flow separation and von K�arm�an-
like shedding. In the zoom-in, flow separation is observed on the
lower surface of the foil. Such erratic flow separation prevents the
observation of quasi-steady character. In general, Fig. 9 empha-
sizes the complexity of examining dynamic bodies.
We now move to VMEC assessments and use SMC and SEC

for a complex heaving/oscillating case. Note that all subsequent
results rely on time averaging, hence, we remove the use of
overbars. The streamwise results are provided in Fig. 10, which
plots Ct as a function of x=c. Recall that Eq. (12) assumed drag
generation followed by thrust—observe that the inverse is in fact
true based on Fig. 10. The SMC assessment (viscous), which
suggests that the hydrofoil generates most of the thrust on the first
90% of the chord, followed by a region dominated by drag on the
last 10% to recover to Ct ffi 0. It is important to reiterate that in
this complex scenario Ct is confounded with contributions from
thrust and drag. Therefore, the SMC results do not provide insight
relevant to measure efficiency.
To decompose losses, consider utilizing the energy-based SEC

assessments. In Fig. 10, there are SEC results from two models
that include the base viscous model and an inviscid model with
the same mesh and time-step size to approximately understand
loss mechanisms. These VMEC evaluations can be compared to
the solid lines that indicate the input power, Cp, for each case. The
SEC results from the inviscid flow model in Fig. 10 matches the
input work at the trailing edge. As previously mentioned, the input
work for the inviscid case can be decomposed as follows:

Cp ¼ Cpl þ Cpt (25)

Fig. 7 Various evaluation methods of the forces. Part (a) indicates that lift work is consistent with or without drag.
Part (b) compares total energy (WMS) for lifting and thrusting and isolates lift work (W lift) and identifies the motion’s
resulting dissipative character (/loss). (a) Lift specific work (Wlift) and (b) Dissipative character (Uloss).
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Fig. 9 Snapshot of heaving and pitching foil (St50.212, amax540deg, h0 57.5 cm). Thrust coefficient is plotted
versus nondimensional time in the bottom right.

Fig. 8 Overset mesh utilized in simulating heaving and pitching hydrofoils. Four snapshots show trajectory of
hydrofoil within sliding mesh region over one period along with relevant kinematic parameters.
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where Cp is the input power, Cpl is the power used to generate lift,
and Cpt is the power used to generate thrust. Such a decomposition
is reasonable under the assumption that artificial viscosity is small,
and results indicate that energy in is consistent with the SEC-
measured energy in the flow (hence, profile losses are negligible).
Now consider the viscous solution, where we now can observe a
discrepancy between the energy input into the system (Cp

(viscous)) and the SEC (viscous) result as x
c ! 1. It is contended

that this discrepancy is dominated by fluid-dynamic energy losses
associated with profile drag. This viscous composition of energy
may be posed as the as a composition of energy associated with
lift, thrust, and profile drag as: Cp ¼ Cpl þ Cpt þ Cpd , which can
be rewritten to directly determine the profile drag as follows:

Cpd ¼ Cp � Cpl þ Cptð Þ (26)

Here, Cpd represents the power associated with overcoming profile
drag. Under the assumption that Cpl þ Cpt is a weak function of
viscosity, this decomposition is approximately verified. Specifi-
cally, the final energy in the flow is independent of viscosity as
both SEC evaluation approach the Cp (inviscid) value. Addition-
ally, the concept of a term associated with profile drag is apparent
in the gap in the SEC (viscous) assessment with respect to the
input energy indicated by Cp (viscous). This gap, nominally Cpd ,
is hypothesized to reflect the profile drag and can be utilized to
separate thrust from drag.

Drag Estimation in Thrusting Configuration. Solidifying the
hypothesis that profile drag can be estimated using the gap

between the fluid and input energies, SEC assessments are
evaluated for both self-propulsion and thrusting conditions in
Figs. 11(a) and 11(b), respectively. For each case, an evaluation
of the momentum and energy transfer far downstream in the wake
is provided. Note that Fig. 11(a) is a continuous of the previous
case, while part (b) has a thrust coefficient of roughly 1.0 and is at
St ¼ 0:43 and amax ¼ 25 deg. The overall thrusting state is
indicated with the SMC line, which is roughly 0.0 for Fig. 11(a)
and 1.0 for Fig. 11(b).
Observe that the measured energy dissipates far down-stream in

the wake and matches with the time-averaged axial momentum
result. The corresponding velocity profiles indicate a dissipative
process implying that the excess measured energy at the trailing
edge is directly proportional to the lift work, Cpl of the system.
Essentially, measuring the efficiency far down-stream in the wake
is identical to taking the ratio of thrust coefficient to power
coefficient. Based on this evidence, Fig. 11 can be manipulated to
reveal the profile drag coefficient of the body. The lift- and thrust-
work are grouped together in the form of the energy at the trailing
edge, CpTE. The body drag coefficient, Cd , is calculated by
measuring the difference between the shaft work, Cp, and fluid
energy at the trailing edge, CpTE

Cd ¼ Cp � CpTE (27)

which works out to be equivalent to Eq. (26). Note that in self-
propulsion, Cd has a corresponding, identical thrust coefficient.
Thus, when the time-averaged body force is measured, the
corresponding force coefficient can be manipulated to solve for
the total thrust coefficient

Fig. 10 Chord-wise SMC and SEC assessments for viscous and inviscid flow conditions
for an oscillating, heaving hydrofoil in self-propulsion

Fig. 11 Energy budget assessments for heaving and pitching hydrofoils. (a) Self propulsion, Ctffi0.0 and
(b) Thrusting, Ctffi 1.0.
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C0
t ¼ Ct þ Cd (28)

Essentially, C0
t is the total thrusting force that is being generated

using a specific foil motion.

Discussion. In the context of these findings, we seek to reassess
the definition of efficiency utilizing energy budgets associated
with lift-, thrust-, and drag. Along these lines, we propose to use
the previously developed SEC method to estimate work associated
with drag, which identifies motion- and profile-shape-specific
losses. Additionally, we also consider SEC-based assessments of
lift-associated work, which is a propulsion inefficiency. Note that
for flight, lift may not by a system inefficiency. Hence, our
proposed efficiency aims to combine losses (drag) with force in
nonpropulsive direction. In this context, we propose the thrusting
efficiency, g0, which we define as

g0 ¼ Total thrust energy

Mechanical power into system
¼ C0

t

Cp
(29)

This novel thrusting efficiency is useful to evaluating the
performance of undulating (and nonundulating) systems that
endure drag losses and lifting inefficiencies. This efficiency differs
from the conventional efficiency measure, g, which is expressed
as

g ¼ Energy of total axial force

Mechanical power into system
¼ Ct

Cp
(30)

g indicates only the axial force with respect to energy added,
which in self-propulsion can only be 0 as Ct ¼ 0 and losses are
only accounted for through lift-associated inefficiencies. For
example, consider a case where C0

t ¼ 1:0, Cd ¼ 1:0, and Cp ¼ 2:0.
This case would indicate a scenario where Ct ¼ 0 (or self-
propulsion). In this scenario Eq. (29) yields g ¼ 0 while Eq. (30)
indicates g0 ¼ 0:5. Hence, g0 indicates an ability to highlight
higher-order details demanded for design. The importance of g0 is
that it includes losses associated with both nonuseful lift and drag
thereby enabling a higher order prediction.
To highlight the behavior of these novel efficiency definitions,

we compare predictions of g and g0 for a range of St and amax. The
resulting values of g and g0are plotted in contour plots as a
function of amax (y-axis) and St (x-axis) in Figs. 12(a) and 12(b),
respectively. In this plot, it is important to note that the upper left
border that forms a line between St ¼ 0:06, amax ¼ 15 deg to
St ¼ 0:21, amax ¼ 40 deg is the border where self-propulsion
occurs. The overall character of g0does not indicate a drastic
change. Qualitatively the plots compare quite well, however,
details of the quantitative assessment indicate a slightly higher

efficiency with g0 as compared to g. Such a result suggests that the
efficiency character is not changing, however, conventional
measures indicate a lower-than-expected measure of efficiency.
To study the core of the issue with g, the study directly

evaluates the isolated drag. Figure 13(a) plots results of a mesh
refinement study of the effort. The case selected has a swimming
kinematics defined by St ¼ 0:16, amax ¼ 30 deg. Such a study
was performed with respect to the SEC assessment method to
ensure the results remain valid. Note that only one case was
evaluated with a refinement study and the resultant was assumed
to translate to other Strouhal numbers. While this is not ideal, it is
used to highlight the sensitivity of the drag coefficient to mesh
refinement. Prior to evaluating mesh independence, negative drag
coefficients (hence, g0 values greater than unity) were observed.
With refined mesh, the SEC-assessed Cd converged to a grid-
independent solution as indicated in Fig. 13(a). For the normalized
mesh size of 0.001, the numerical uncertainty was estimated with
respect to the Richardson extrapolation estimate to be approx-
imately 14% (with a factor of safety of 2). Such observations may
be expected as we seek to extract a small value associated with
Cd, from a global energy budget that is relatively large, i.e., small
errors in a larger quantity result in large errors for small
subquantities. This study indicates that it is imperative to explore
mesh sensitivity studies within the SEC method.
Now consider the overall character of Cd. The effort uses the

finest mesh resolution, i.e., a normalized mesh resolution of 0.001.
The resulting contour plot of the isolated Cd is plotted in Fig. 13
(b) as a contour plot with variations in St and amax. These results
highlight how the hydrofoil kinematics affect the profile losses.
Specifically, the plot highlights that independently, Cd is not
sensitive to increased St and amax values. However, when
combined (as indicated in the right-upper part of the plot), Cd

dramatically increases. This is likely a result of complex flow
separation (like that shown in Fig. 9). Such a character of profile
losses is interesting to elucidate, and details are beyond the scope
of this paper.
An important result from this paper is depicted in the self-

propulsion efficiency. In this state, g provides only a value 0.
While as can be seen in Fig. 14, g0, Ct, and Cp can be identified
through the SEC assessments. The values are plotted as function
of St along the self-propulsion part of the curve (i.e., the line from
St ¼ 0:06, amax ¼ 15 deg to St ¼ 0:21, amax ¼ 40 deg). Note that
amax also changes along this curve, but we focus on varying St. In
Fig. 14, there are corresponding error bars on g0 and Ct associated
with the mesh uncertainty derived from the assessment plotted in
Fig. 13(a).
The highest efficiency occurs in the low St range, which has a

relatively low Cd . As St increases, the Cd decreases; however, Cp

increases faster leading to the minimum efficiency scenario for St
values of 0.125 (amax ¼ 25 deg). For higher St, the Cd rises slower

Fig. 12 Comparison of g and g0 for a range of St and amax values: (a) Conventional efficiency, g and (b) SEC-based
efficiency, g0
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than Cp, which implies power is being more efficiency converted
to thrust leading to a rise in g0. Such insight provides unique
guidance in propulsion efficiency that is critical for design trade
studies.

Conclusions

The field of bio-inspired marine propulsion involves a distinct
challenge in terms of quantifying performance of propulsion
systems. Specifically, estimating a useful efficiency for self-
propelling vehicles remains a challenge. The present effort aims to
derive a useful efficiency metric through the estimation of energies
associated with propulsive force, lift reduction, and profile losses.
The estimation of these distinct energies were enabled though
strategic control-volume assessments of the energy equation.
Uncovering the coupled character enables specific performance
metrics that enables designs of self-propelling vehicles to be more
specific to the origin of the inefficiencies.
The present effort relies on the expansion of the VMEC

approach through varying CVs. In order to verify the VMEC
methodology, the MMS was utilized on for a hypothetical
swimmer. In these results, it was found that energy equation was
critical and can be utilizes to isolate lift work from work in the
axial direction.
The VMEC approach was then expanded to a heaving and

pitching hydrofoil to emphasize the application of the methodol-
ogy to complex scenarios. Here, self-propulsion and thrusting
configurations were studied in detail. The results identified how to
isolate thrust versus drag forces to provide closure to the problem
of measuring propulsive efficiency. Using this novel force
decomposition, an improved efficiency metric was derived and
used previously validated heaving and pitching hydrofoil CFD

simulations. The calculated efficiencies for self-propulsion using
the novel force decomposition ranged from 1 to 15% as compared
to 0% using conventional methods. This novel form is more
reasonable for self-propelling foils than previous measurements.
In conclusion, the proposed approach appears to indicate a path to
resolve issues associated with quantifying performance of undulat-
ing/oscillating propulsion.
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Nomenclature

Cp ¼ power coefficient
Ct ¼ static thrust coefficient
C0
t ¼ global thrust coefficient

Cd ¼ isolated body drag coefficient
Fy xð Þ ¼ body force term representing lift as a function of chord
Fy xð Þ ¼ body force term representing drag as a function of chord

Re ¼ Reynolds number
St ¼ Strouhal number

SMC ¼ spatial energy conservation
SEC ¼ spatial momentum conservation
WLift ¼ time-averaged lift work
WDrag ¼ time-averaged drag work
ULoss ¼ power-induced loss mechanism

g ¼ efficiency defined as Ct=Cp

g0 ¼ efficiency defined as C
0
t=Cp

g0L ¼ lifting efficiency

References
[1] Triantafyllou, G. S., Triantafyllou, M. S., and Grosenbaugh, M. A., 1993,

“Optimal Thrust Development in Oscillating Foils With Application to Fish
Propulsion,” J. Fluids Struct., 7(2), pp. 205–224.

[2] Bale, R., Shirgaonkar, A. A., Neveln, I. D., Bhalla, A. P. S., MacIver, M. A.,
and Patankar, N. A., 2014, “Separability of Drag and Thrust in Undulatory
Animals and Machines,” Sci. Rep., 4(1), pp. 1–11.

[3] Ding, Y., Sharpe, S. S., Masse, A., and Goldman, D. I., 2012, “Mechanics of
Undulatory Swimming in a Frictional Fluid,” PLoS Comput. Biol., 8, pp. 1–13.

Fig. 13 Application of SEC assessments to isolate drag for a heaving and pitching hydrofoil: (a) Mesh refinement
study for drag coefficient predictions and (b) Hydrofoil drag, Cd, as a function of St and amax

Fig. 14 Assessment self-propelling hydrofoils

Journal of Fluids Engineering JUNE 2023, Vol. 145 / 061103-11

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/fluidsengineering/article-pdf/145/6/061103/6996138/fe_145_06_061103.pdf by guest on 19 M

ay 2023

http://dx.doi.org/10.1006/jfls.1993.1012
http://dx.doi.org/10.1038/srep07329
http://dx.doi.org/10.1371/journal.pcbi.1002810


[4] Integrative, S., Biology, C., Nov, N., Schultz, W. W., and Webb, P. W., 2016,
“Power Requirements of Swimming: Do New Methods Resolve Old Ques-
tions?,” 42, pp. 1018–1025.

[5] Maertens, A. P., Triantafyllou, M. S., and Yue, D. K. P., 2015, “Efficiency of
Fish Propulsion,” Bioinspiration Biomimetics, 10(4), p. 046013.

[6] Gibouin, F., Raufaste, C., Bouret, Y., and Argentina, M., 2018, “Study of the Thrust-
Drag Balance With a Swimming Robotic Fish,” Phys. Fluids, 30(9), p. 091901.

[7] Borazjani, I., and Sotiropoulos, F., 2008, “Numerical Investigation of the
Hydrodynamics of Carangiform Swimming in the Transitional and Inertial
Flow Regimes,” J. Exp. Biol., 211(10), pp. 1541–1558.

[8] Moored, K. W., 2018, “Unsteady Three-Dimensional Boundary Element
Method for Self-Propelled Bio-Inspired Locomotion,” Comput. Fluids, 167, pp.
324–340.

[9] Deng, H.-B., Xu, Y.-Q., Chen, D.-D., Dai, H., Wu, J., and Tian, F.-B., 2013,
“On Numerical Modeling of Animal Swimming and Flight,” Comput. Mech.,
52(6), pp. 1221–1242.

[10] McCormick, B. W., 1999, Aerodynamics of V/STOL Flight, Vol. 328, Courier
Corporation, Chelmsford, MA.

[11] Currie, I. G., 2003, “Fundamental Mechanics of Fluids,” Mech. Eng., 1(xiv), p. 525.
[12] Drela, M., and Kohler, T. J., 2009, “Power Balance in Aerodynamic Flows,”

AIAA J., 47(7), pp. 1761–1771.

[13] Andersson, J., Eslamdoost, A., Capitao Patrao, A., Hyensj€o, M., and Bensow, R.
E., 2018, “Energy Balance Analysis of a Propeller in Open Water,” Ocean Eng.,
158, pp. 162–170.

[14] Loubimov, G., and Kinzel, M., 2021, “A Novel Approach to Calculating
Induced Drag From Computational Fluid Dynamics,” AIP Adv., 11(7), p.
075009.

[15] Roache, P. J., 2002, “Code Verification by the Method of Manufactured
Solutions,” ASME J. Fluids Eng., 124(1), pp. 4–10.

[16] Roy, C. J., Nelson, C. C., Smith, T. M., and Ober, C. C., 2004, “Verification of
Euler/Navier-Stokes Codes Using the Method of Manufactured Solutions,” Int.
J. Numer. Methods Fluids, 44(6), pp. 599–620.

[17] Read, D. A., Hover, F. S., and Triantafyllou, M. S., 2003, “Forces on
Oscillating Foils for Propulsion and Maneuvering,” J. Fluids Struct., 17(1), pp.
163–183.

[18] Siemens, 2019, “STAR CCMþ Users Manual,” Siemens.
[19] Venkatakrishnan, V., 1995, “Convergence to Steady State Solutions of the Euler

Equations on Unstructured Grids With Limiters,” J. Comput. Phys., 118(1), pp.
120–130.

[20] Cole, J. A., Loubimov, G., and Kinzel, M., 2021, “Comparison of Computa-
tional Methods for Hydrodynamic Performance Prediction of Oscillating
Marine Propulsors,” Ocean Eng., 242, p. 110002.

061103-12 / Vol. 145, JUNE 2023 Transactions of the ASME

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/fluidsengineering/article-pdf/145/6/061103/6996138/fe_145_06_061103.pdf by guest on 19 M

ay 2023

http://dx.doi.org/10.1088/1748-3190/10/4/046013
http://dx.doi.org/10.1063/1.5043137
http://dx.doi.org/10.1242/jeb.015644
http://dx.doi.org/10.1016/j.compfluid.2018.03.045
http://dx.doi.org/10.1007/s00466-013-0875-2
http://dx.doi.org/10.2514/1.42409
http://dx.doi.org/10.1016/j.oceaneng.2018.03.067 
http://dx.doi.org/10.1063/5.0051080
http://dx.doi.org/10.1115/1.1436090
http://dx.doi.org/10.1002/fld.660
http://dx.doi.org/10.1002/fld.660
http://dx.doi.org/10.1016/S0889-9746(02)00115-9
http://dx.doi.org/10.1006/jcph.1995.1084
http://dx.doi.org/10.1016/j.oceaneng.2021.110002

	cor1
	l
	FD1
	FD2
	FD3
	FD4
	FD5
	FD6
	FD7
	FD8
	1
	FD9
	FD10
	FD11
	FD12
	FD13
	1
	2
	3
	FD14
	FD15
	4
	5
	FD16
	FD17
	FD18
	FD19
	6
	FD20
	FD21
	FD22
	FD23
	s4A
	FD24
	FD25
	7
	9
	8
	FD26
	FD27
	FD28
	10
	11
	FD29
	FD30
	12
	1
	2
	3
	13
	14
	4
	5
	6
	7
	8
	9
	10
	11
	12
	13
	14
	15
	16
	17
	18
	19
	20

