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Torque Distribution Strategy
for Multi-PMSM Applications
and Optimal Acceleration
Control for Four-Wheel-Drive
Electric Vehicles
In this paper, a general torque distribution strategy is proposed to improve the drivetrain
efficiency of four-wheel-drive electric vehicles (EVs). The strategy allows the same or dif-
ferent motors to be equipped in the front and rear wheels. The model of the drivetrain
considers the loss properties of four permanent magnet synchronous motors (PMSMs)
and four inverters over a wide range of torque and speed. The relationship between the
drivetrain efficiency and the torque split ratio at any given speed is proven to be convex
under both traction and regenerative braking conditions. It is shown that, when all four
motors are identical, the maximum efficiency can be achieved if the total torque is equally
shared. An equivalent loss strategy, which is a general method and can solve many opti-
mization problems of multi-PMSM applications, is proposed to maximize the drivetrain
efficiency when different PMSMs are used in the front and rear wheels. The effectiveness
of the proposed strategy is verified using an urban dynamometer driving schedule
(UDDS). In addition, the acceleration process of EVs is optimized using a dynamic pro-
gramming approach to minimize acceleration duration and energy consumption. Simula-
tion results show that, with the proposed strategy, the energy loss during the acceleration
can be reduced by up to 15%. [DOI: 10.1115/1.4045321]

Keywords: four-wheel-drive, electric vehicle, torque split strategy, optimal acceleration
control, dynamic programming, multi-PMSM applications

1 Introduction

Given present consumption rates, it has been estimated that the
current global petroleum resources will be used up within 50 years
[1]. Electric vehicles (EVs), which are receiving considerable
attention, are effective solutions for energy and environmental
problems [2]. The electrified and intelligent transportation system
has been extensively studied as the effective solution for the
aforementioned problem [3,4]. Other advantages of EVs over
internal combustion engine vehicles are [5,6]:

(1) the torque response of electric motors is 10–100 times
faster than that of engines,

(2) all wheels can be independently controlled by adopting
small- and high-power in-wheel motors, and

(3) the output torque of an electric motor can be estimated
from motor currents.

The four-wheel-drive (4WD) EV under study is a microsized
two-seat car of �660-kg curb weight. As shown in Fig. 1 [7], each
wheel of this EV is equipped with a permanent-magnet synchro-
nous motor (PMSM) controlled independently by a vehicle control
unit (VCU) and a motor control unit (MCU). It has been identified
that the PMSM has the highest power density and efficiency when
compared with dc and induction motors [8,9]. Motion control is
implemented by the VCU, and torque commands are transferred to
the MCUs via a controller area network (CAN) bus [10].

With respect to longitudinal motion, the four-wheel-drive EV
provides one degree-of-freedom in torque distribution (between
front and rear wheels) for improving the drivetrain efficiency.
This issue is important because EV mileage is still limited by
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battery capacity [11–13]. The modeling and design of the drive-
train for a single-motor drive EV has been illustrated in Ref. [14],
and motor loss minimization is presented in Ref. [15]. Compared
with the single-motor configuration, a multimotor configuration
realizes more flexible dynamic control [16] and achieves a better
dynamic performance, such as acceleration stability [17], braking
stability [18], and lateral stability [19]. Novellis et al. proposed
the optimal wheel torque distribution for a 4WD EV to minimize
tire slip [20]. In addition, the multimotor configuration provides
redundancy to improve reliability and fail-safe operation [21].

Furthermore, the multimotor configuration enables power shar-
ing between different motors, which has the potential to increase
EV efficiency. Based on the energy loss model of a permanent-
magnet (PM) motor, the torque distribution scheme of the front-
and rear-wheel-driven EV, where two PM motors are coupled to
the front and rear axles, is investigated in Ref. [21]. The relation-
ship between motor efficiency and its torque at a given speed is
derived and shows that, when four identical motors are used, the
maximum efficiency can be achieved if the total torque is equally
shared [21]. Wang et al. developed a prototype four-wheel-drive
EV and proposed a numerical solution to improve the EV effi-
ciency by appropriately allocating the total required torque among
the four in-wheel motors [22]. Wu et al. used dynamic program-
ming (DP) approach to deal with the torque split problem of a
dual-motor powertrain and found that the energy consumption
rate of the proposed method can be reduced by around 6% [23].
Bao et al. focused on the regenerative braking condition and com-
pared different operation modes (i.e., front motor only, rear motor
only, and both motors) to increase system efficiency and vehicle
stability [24]. Hu et al. optimized the motor sizes of a dual-motor
powertrain and compared the optimal design with common
designs [25]. Wu et al. compared the efficiency of the single
motor system and the dual motor system [26]. Lin and Xu con-
structed a multi-objective optimization framework to improve
vehicle maneuverability and reduce energy consumption simulta-
neously [27]. Dizqah et al. formulated the optimal torque distribu-
tion as the solution of a parametric optimization problem, based
on the vehicle speed [28]. Park et al. developed the fuzzy logic
control algorithm to optimize driving efficiency, satisfy driver
demands, and consider tire slip [29]. Wang et al. proposed an opti-
mal torque distribution algorithm for longitudinal motion, consid-
ering the weight transfer between front and rear axles and motor
losses [30]. Guo et al. presented a torque distribution algorithm
aiming to reduce energy consumption and improve road handling
as well as ride comfortability [31]. Yang et al. adopted particle
swarm theory for minimizing energy consumption according to
the motor efficiency maps [32].

However, the losses of the motor inverters are not well consid-
ered in the above papers. Furthermore, the general torque distribu-
tion strategy related to the multimotor configuration where front
and rear motors are different is absent in the previous studies. In
the general case, different motors may be equipped in front and
rear wheels to achieve a more flexible dynamic performance.

Small motors can save more space for the steering system of the
EV when they are equipped on the front wheels. Furthermore,
when the motors equipped on the front wheels are small, an active
front steering system is much more flexible because the inertia of
the wheel is reduced [33]. Thus, the four-wheel-drive EV
equipped with different-sized motors may be promising in autono-
mous vehicle applications.

To further improve EV efficiency, the total torque curve during
EV acceleration should also be carefully designed to minimize
acceleration duration and energy consumption [34]. The conflict-
ing nature of reducing energy consumption and acceleration dura-
tion is verified in Ref. [35]. It is shown that adopting multiple
accelerations during speed changes can reduce energy consump-
tion more than applying a constant acceleration value [36]. How-
ever, it is difficult for the driver to accurately track the velocity
curve during acceleration. An optimal driving strategy for EVs
during speed changes is proposed through multi-objective optimi-
zation of various conflicting objectives (acceleration duration,
energy consumption, and total jerk) [37]. However, complex com-
putations cannot be avoided to obtain the Pareto-optimal fronts
(the computation time was found to be around 1 s [37]); thus, it is
still hard to implement this algorithm in real-time applications.

In this paper, a torque distribution strategy is proposed for the
four-wheel-drive EV based on the energy loss models of the
PMSM and inverter. The relationship between the drivetrain effi-
ciency and the torque split ratio at any given speed is derived and
proven to be convex. The optimal torque split ratio is derived by
solving the mathematical problem based on energy loss models. It
is shown that the maximum efficiency is achieved if the total
required torque is equally shared between four identical motors.
The equivalent loss rate strategy (ELRS) is proposed in this paper
to maximize the drivetrain efficiency when different PMSMs are
used. The average-split strategy (ASS), corresponding to the case
where all motors are the same, is a special case of the ELRS. The
effectiveness of the proposed strategy is verified using a modified
urban dynamometer driving schedule (UDDS). In addition, the
acceleration process of EVs is optimized using the DP approach
to simultaneously minimize acceleration duration and energy con-
sumption. Based on simulation results, some qualitative conclu-
sions are drawn to provide instructional information regarding the
EV acceleration control algorithm. When compared to the existing
literature, the novelties of this paper can be summarized in three
aspects: (1) the inverter energy loss is considered; (2) the analyti-
cal solution of the optimal torque split ratio for the case where dif-
ferent PMSMs are used is provided; and (3) the optimal
acceleration control algorithm for the 4WD EV is proposed.

This paper is organized as follows: In Sec. 2, the vehicle,
PMSM, and energy loss models of the inverters are presented.
Section 3 presents a detailed description of the proposed torque
distribution strategy and the optimal acceleration strategy. The
effectiveness of the proposed algorithms is validated in Sec. 4.
Conclusions are presented in Sec. 5.

2 Modeling

2.1 Electric Vehicle Model. Only the longitudinal dynamics
are considered in this study, therefore, the dynamics of the four-
wheel-drive EV when driving on a flat road can be expressed as

Tout

rw
¼ mgf þ 1

2
CDAfqV2 þ m

dV

dt

Tout ¼ Te � Tf

8><
>: (1)

where r is the wheel radius; m is the mass of the vehicle; f is the
rolling resistance coefficient; CD is the coefficient of aerodynamic
drag; Af is the frontal area exposed to flow; V is the vehicle veloc-
ity; dV/dt is the vehicle acceleration; q is the air density; and Tout,
Te, and Tf are the total output, electromagnetic, and frictional tor-
que of the motor, respectively. We point out that this paper mainly

Fig. 1 Configuration of the four-wheel-drive EV [7]
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focuses on the power flow of the system rather than the vehicle
dynamic performance. Therefore, the tire model, e.g., magic for-
mulation and “relaxation length” formulation) is not considered in
the formulation given that the tire dynamics will not significantly
influence the EV power demand. In addition, since both the in-
wheel motors and traction wheels are small and no reducer is
adopted in between, the rotor inertia and the wheel inertia are also
neglected in the formulation for simplification.

2.2 Energy Loss Model of the Permanent Magnet
Synchronous Motor. The voltage, flux, and electromagnetic tor-
que equations of the basic PMSM model can be illustrated in Eqs.
(2)–(4) [7]. We note that the core losses, which are considered in
the energy loss model of PMSM in the sequel, are neglected in
these equations

ud ¼ Raid þ
dwd

dt
� xwq

uq ¼ Raiq þ
dwq

dt
þ xwd

8>>><
>>>:

(2)

wd ¼ Ldid þ wf

wq ¼ Lqiq

(
(3)

Te ¼ npðwdiq � wqidÞ ¼ npiq½wf þ ðLd � LqÞid� (4)

where ud and uq are the d- and q-axis terminal voltages, respec-
tively, id and iq are the d- and q-axis armature currents, respec-
tively, Ld and Lq are the d- and q-axis inductances, respectively,
Ra is the armature resistance, x is the electrical angular velocity,
Wd and Wq are the d- and q-axis flux-linkages, respectively, Wf is
the permanent magnet flux-linkage, and np is the number of pole-
pairs. Without loss of generality, id and iq can be expressed as

iq ¼
ffiffiffi
3

2

r
kIm

id ¼ �
ffiffiffi
3

2

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2ð Þ

p
Im

8>>>><
>>>>:

(5)

where Im is the peak value of the sinusoidal current, and k is a
function of x and varies from 0 to 1. The surface mount PMSM
(Ld¼ Lq¼ L) is adopted in this paper, so Eq. (4) can be simplified.
The torque equation is therefore simplified to

Te ¼ AIm (6)

where

A ¼
ffiffiffi
3

2

r
npkwf (7)

The energy loss model of the PMSM has been intensively stud-
ied [38]. As shown in Eq. (8), the energy loss model consists of
three parts: copper loss PCu, iron loss PFe, and mechanical loss Pm

Pin ¼ Pout þ PCu þ PFe þ Pm (8)

where Pin and Pout are the input and output power of the PMSM,
respectively. Steady-state losses PCu, PFe, and Pm, which are
expressed in the following equations, are functions of Te and x:

PCu ¼ Ra iq þ
xLdid

Ri

þ xwf

Ri

� �2

þ id �
xLqiq

Ri

� �2
" #

(9)

PFe ¼
x2

Ri
Ldid þ wfð Þ2 þ Lqiqð Þ2

h i
(10)

Pm ¼ Tf

x
np

(11)

where Ri is the equivalent iron loss resistance of the PMSM.

2.3 Energy Loss Model of the Inverter. The MOSFET tran-
sistor is favorable for low-power EV applications [39]; thus, it is
employed in this study. The inverter loss consists of switching
loss and conduction loss. High-side and low-side MOSFETs con-
duct complementarily to control the PMSM. A dead time is inserted
between turn-off and turn-on to avoid inverter shoot-through [40].
It is assumed that the MOSFET resistive voltage drop is lower than
the body diode voltage drop; hence, when on, it can be assumed
that all current flows through the MOSFET resistance.

(1) Conduction loss. The simplified models of the MOSFET
and the diode are given in Refs. [7] and [41], as shown in the fol-
lowing equation:

Uds ¼ IdevRds

Uak ¼ Uf þ IdevRak

(12)

where Uds and Uak are the on-state voltage drops of the MOSFET
and the diode, respectively; Uf is the diode voltage drop at the
zero-current condition; Rds and Rak are the resistance of the MOS-
FET and the diode, respectively; and Idev is the device current.
Considering the dead-time effect, the time-averaged conduction
loss in the three-phase inverter can be simplified as [36]

Pc�MOSFETs ¼
3

2
I2
mRds 1� 2td

tc

� �

Pc�Ds ¼
6

p
UfIm þ

3

2
I2
mRak

� �
2td

tc

8>>>><
>>>>:

(13)

where td is the dead time and tc is the period of the pulse width
modulation. Hence, the conduction loss of the inverter is

Pc ¼ Pc�MOSFETs þ Pc�Ds (14)

(2) Switching loss. As shown in Eq. (13), the switching loss of a
hard-switched circuit includes two parts [42]

Psw�on ¼ konImfs=p

Psw�off ¼ koffImfs=p

(
(15)

where Psw-on and Psw-off are the turn on and the turn off losses,
respectively, fs is the switching frequency, and kon and koff can be
determined from the device datasheet and bus voltage. Based on
the above analysis, the switching loss of the three-phase inverter
can be derived

Psw ¼ 3ðPsw�on þ Psw�offÞ (16)

The total loss of the three-phase inverter, which is the sum of
the conduction loss and the switching loss, can then be expressed
as

Pinv ¼
12tdUf

ptc
þ 3konfs

p
þ 3koff fs

p

� �
Im

þ 3Raktd

tc
þ 3

2
Rds 1� 2td

tc

� �� �
I2
m (17)

This shows that the inverter loss Pinv is also a function of Te

and x. By integrating Eq. (5) into Eqs. (9) and (10), we get
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PCu ¼
3

2
Ra 1� k2ð Þ 1þ x2L2

d

R2
i

 !
þ k2 1þ

x2L2
q

R2
i

 !2
4

3
5I2

m

þ
ffiffiffi
6
p Raxwf

Ri

k � xLd

Ri

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2
p� �

Im þ Ra

xwf

Ri

� �2

(18)

PFe ¼
3

2

x2

Ri
1� k2ð ÞL2

d þ k2L2
q

h i
I2
m �

ffiffiffi
6
p x2

Ri

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2
p

wfLdIm

þ x2w2
f

Ri

(19)

Based on Eqs. (10)–(12) and (18)–(19), the PMSM and inverter
losses can be simplified to

PCu þ PFe þ Pm ¼ BI2
m þ CIm þ D

Pinv ¼ XI2
m þ YIm

(20)

where

B ¼ 3

2
Ra 1� k2ð Þ 1þ x2L2

d

R2
i

 !
þ k2 1þ

x2L2
q

R2
i

 !2
4

3
5

þ 3

2

x2

Ri
1� k2ð ÞL2

d þ k2L2
q

h i

C ¼
ffiffiffi
6
p Raxwf

Ri

k � xLd

Ri

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2
p� �

�
ffiffiffi
6
p x2

Ri

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2
p

wfLd

D ¼ Ra þ Rið Þ xwf

Ri

� �2

þ Tfx
np

X ¼ 3Raktd

tc
þ 3

2
Rds 1� 2td

tc

� �� �

Y ¼ 12tdUf

ptc
þ 3konfs

p
þ 3koff fs

p

� �
(21)

Based on Eq. (20), the loss power for one motor and its inverter
can be given as

PCu þ PFe þ Pm þ Pinv ¼ ðBþ XÞI2
m þ ðCþ YÞIm þ D (22)

Thus, the second derivative of the motor loss with respect to Te

can be derived as

@2 PCu þ PFe þ Pm þ Pinvð Þ
@T2

e

¼ 2 Bþ Xð Þ @Im

@Te

� �2

þ 2 Bþ Xð ÞIm

@2Im

@T2
e

þ Cþ Yð Þ @
2Im

@T2
e

(23)

Based on Eq. (6), we see that

@Im

@Te

¼ 1

A

@2Im

@T2
e

¼ 0

(24)

By integrating Eq. (24) into Eq. (23), the second derivative of
the motor loss with respect to Te can be derived

@2 PCu þ PFe þ Pm þ Pinvð Þ
@T2

e

¼ 2 Bþ Xð Þ
A2

(25)

Therefore, @2ðPCu þ PFe þ Pm þ PinvÞ=@T2
e > 0 is satisfied

because A, B, and X are always positive, which means that the

motor loss with respect to Te is convex. This conclusion is impor-
tant to the torque split strategy presented in Sec. 3.

3 Optimal Torque Distribution and Acceleration

Control Strategies

3.1 The Torque Distribution Strategy. In this paper, only
longitudinal motion of the four-wheel-drive EV is considered, so
the torque is assumed to be equally shared between the right and
left motors. At each instant, the torque required by the EV is
known. We assume that the total required torque is 2 Tdem and
define the torque split ratio b as

Tef ¼ Tdemb

Ter ¼ Tdemð1� bÞ
(26)

where Tef and Ter are the electromagnetic torque of the front and
rear motors, respectively. To find the optimal b for loss minimiza-
tion, the relationship between b and the total loss power of the
drivetrain at a given speed should be derived. As mentioned
above, the total loss Ploss includes the PMSM loss and the inverter
loss. Based on Eqs. (6) and (20), Ploss can be simplified to

Ploss ¼ Ploss;fðTefÞ þ Ploss;rðTerÞ (27)

where Ploss,f and Ploss,r are the loss power of the front and rear
motors, respectively. The second derivative of Ploss with respect
to b can be derived as

@2Ploss

@b2
¼ @

2Ploss;f

@T2
ef

@Tef

@b

� �2

þ @Ploss;f

@Tef

@2Tef

@b2
þ @

2Ploss;r

@T2
er

@Ter

@b

� �2

þ @Ploss;r

@Ter

@2Ter

@b2
(28)

Based on Eq. (26), Eq. (28) can be simplified to

@2Ploss

@b2
¼ @

2Ploss;f

@T2
ef

T2
dem þ

@2Ploss;r

@T2
er

T2
dem (29)

As a result, @2Ploss=@b
2 is always positive because both

@2Ploss;f=@T2
ef and @2Ploss;r=@T2

er are positive, which means that
the function of Ploss with respect to b is convex. Thus, at any
given speed and torque, there is an optimal b for minimizing the
total loss of the EV drivetrain, and the optimal b occurs when
@Ploss=@b is zero

@Ploss;f

@Tef

Tdem �
@Ploss;r

@Ter

Tdem ¼ 0 (30)

The optimal b is therefore obtained when

@Ploss;f

@Tef

¼ @Ploss;r

@Ter

(31)

We first consider the case where the motors equipped on the front
and rear wheels are identical. Given that @2Ploss;f=@T2

ef and
@2Ploss;r=@T2

er are positive, the following equation can be obtained
from Eq. (31):

Tef ¼ Ter (32)

As shown in Eq. (32), the total loss of the EV drivetrain is at a
minimum when the front and rear motors equally share the torque
under the assumption that all motors are identical, regardless of
the values of total torque and EV speed. Note that the basic con-
vex optimization theorem is used to obtain the optimal torque split
ratio, as shown in Eq. (31), since the energy loss function is
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continuous and the second derivative in terms of the demand tor-
que exists.

In the general case, the front and rear motors may be different;
thus, the optimal torque split ratio will change according to the
motor parameters. When the front and rear motors are different,
the total loss of all motors is at a minimum when the front and
rear motors have the same loss rate with respect to their electro-
magnetic torque, as shown in Eq. (31). The front and rear motors
should therefore share the torque according to the ELRS. The
ELRS shown in Eq. (31) is still effective in regenerative braking
modes because the convex characteristic of the power loss func-
tion with respect to b is preserved. We point out that the ELRS
proposed in this paper can also be used to solve the optimization
problems under the conditions that (1) identical motors work at
different speeds, which also cause difference in coefficients shown
in Eq. (31), or (2) different motors work at the same or different
speeds. There are two approaches to implement the proposed
ELRS: (1) calculate the numerical solution based on Eqs. (22) and
(31) if all parameters of different motors and the corresponding
inverters are well known, and (2) search the optimal solution
based on two maps corresponding to different motors, which can
be obtained via calibration experiments, and provide the values of
@Ploss;f=@Tef and @Ploss;r=@Ter. In the following simulation, the
first method is adopted to implement the ELRS based on the
assumption that all the motors’ parameters are well known. To be
specific, based on Eq. (22), the power losses of the front and rear
motors can be given as

Ploss;f ¼ ðBf þ XfÞI2
m;f þ ðCf þ YfÞIm;f þ Df

Ploss;r ¼ ðBr þ XrÞI2
m;r þ ðCr þ YrÞIm;r þ Dr

(
(33)

and based on Eqs. (6) and (24), b can be determined given that
@Ploss;f=@Tef¼@Ploss;r=@Ter

b ¼

2 Br þ Xrð Þ
A2

r

þ Cr þ Yrð Þ
Ar

� Cf þ Yfð Þ
Af

� �

2
Bf þ Xfð Þ

A2
f

þ Br þ Xrð Þ
A2

r

" # (34)

We would like to point out that the objectives of torque split
strategy and traction control strategy may be contradictory. Spe-
cifically, assuming the adoption of the same PMSMs, the torque
should be equally split to increase the system efficiency based on
the above analysis. However, the traction control system may
require another torque split ratio, which is not 0.5 and depends on
the vehicle weight distribution and tire-road interfaces, to acceler-
ate the vehicle by fully exploiting the transmissible force.

3.2 Optimal Acceleration Control. To further improve EV
performance, the total torque curve should be optimized to reduce
energy loss during acceleration. Therefore, it is important to find
the optimal acceleration values so that the EV uses the stored bat-
tery energy in the most efficient way while performing a speed
change. In conventional EVs, a constant PMSM power (CPP) (or
a constant PMSM torque), corresponding to the pedal position, is
maintained by the VCU and MCU. A DP approach is adopted in
this paper to understand the benefits that global optimization can
bring to the EV acceleration process [43]. Furthermore, the DP
results may provide guidance which can help us to accelerate the
EV efficiently in the shortest duration possible.

The EV velocity V is the primary state in the DP process, and V
is therefore discretized to 400 states in its operating range (from
0 km/h to 80 km/h), as shown in Fig. 2. In the DP process, the EV
is accelerated from its initial speed V0 to its final speed Vf over a
time duration tacc. The energy loss of the EV over the acceleration
process is calculated and minimized according to the cost function

Minimize
Xk¼kmax

k¼1

PlossðkÞTs

( )
(35)

where Ts is the sample time and is set to 1 s in this study, and
Ploss(k) is the total loss power of the EV drivetrain from instant k
to kþ 1, which is derived from Eq. (20). In order to calculate Ploss

for each discrete time k, the EV acceleration a(k) is determined as

a kð Þ ¼ V k þ 1ð Þ � V kð Þ
Ts

(36)

By integrating Eq. (36) to Eqs. (1) and (20), Ploss can be derived
at each instant. Consequently, the minimum energy loss over the
acceleration duration can be found by proceeding backward, as
shown in Fig. 2.

Fig. 2 DP optimization flowchart

Table 1 Basic parameters of the studied four-
wheel-drive EV

Parameter Value

m, EV weight (kg) 660
r, Wheel radius (m) 0.25
f, Rolling coefficient 0.014
CD, Dimensionless coefficient 0.4
A, Frontal area (m2) 1.4
q, Air density (kg/m3) 1.29

Fig. 3 The speed, torque, and power profiles of the EV along
the half UDDS
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4 Simulation Results

4.1 Torque Distribution Strategy. To verify the torque dis-
tribution strategy, the energy consumption of an EV should be
evaluated over a driving cycle since the drivetrain efficiency
varies with torque and speed. The UDDS is adopted in this study;
however, the maximum speed of the standard UDDS exceeds that
of the EV prototype studied in this paper, which is a low-speed

Table 2 Basic parameters of the three-phase inverter

Parameter Value

Uf, Diode voltage drop (V) 1.3
Rds, MOSFET resistance (X) 5.6� 10�3

Rak, Diode resistance (X) 1� 10�4

td, Dead time (s) 3� 10�6

fs, Switching frequency (Hz) 1.6� 104

kon, Switch-on coefficient 5.48� 10�5

koff, Switch-off coefficient 1.62� 10�5

Table 3 Basic parameters of two PMSMs adopted in this study

Parameter PMSM #1 PMSM #2

np, Pole pairs 23 23
Ra, Armature resistance (X) 0.031 0.02
Ri, Iron consumption resistance (X) 1.5þ 0.006x 1.5þ 0.006x
Ld, d-axis inductance (mH) 0.076 0.076
Lq, q-axis inductance (mH) 0.076 0.076
Wf, Permanent magnet flux-linkage (Wb) 0.0204 0.025
Tf, Friction torque (N�m) 0.2 0.1
Tmax, Maximum torque (N�m) 80 100
Maximum speed (rpm) 500 500
Pmax, Maximum power (kW) 2 2.5

Fig. 4 ASS verification results when all motors are identical: (a) loss energy, (b) the energy loss percentage of the total
energy loss, (c) PMSM loss power, and (d) inverter loss power

Fig. 5 The motor loss ratio of PMSM #1 and #2 at 250 rpm
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vehicle. The basic parameters of the four-wheel-drive EV studied
in this paper are listed in Table 1.

Therefore, the magnitude of the velocity profile of UDDS is
halved in this study. The speed, torque, and power profiles of the
EV along the modified drive cycle are shown in Fig. 3. Note that
the torque is calculated based on the EV dynamic model, as shown
in Eq. (1), and the power can therefore be derived. The regenera-
tive braking efficiency is assumed to be 30% because a mechani-
cal brake is also used [44]. The basic parameters of the inverter
used in this study are listed in Table 2.

This study not only examines the torque split strategy when all
motors are identical, but also investigates the strategy when the
front and rear motors are different. Thus, two different PMSMs
are considered in this study, and parameters of PMSM #1 and
PMSM #2 are listed in Table 3. Both motors are small (i.e., the
maximum power is around 2 kW), as they are used in the micro-
sized 4WD EV. Generally, the microsized EV is not designed to
have a high dynamic performance, therefore, the EV will not
require large torque/power demands from the PMSM. These two
PMSMs will be equipped in the front and rear wheels of the stud-
ied EV, and the ELRS is used to optimally split the torque to mini-
mize the system energy loss. Note that the motors listed in Table
3 are only employed to establish a case study, and the proposed
ELRS can be utilized in any multi-PMSM applications.

The ASS is proven to be optimal when all motors of the EV are
identical, based on the analysis in Sec. 3. In the first simulation,
all wheels of the EV are equipped with PMSM #1. As shown in

Fig. 4(a), the total loss energy of the EV drivetrain over the drive
cycle, including the losses of PMSM and inverter, achieves the
minimum value when the torque split ratio b is 0.5 (ASS). As
shown in Fig. 4(a), when b varies from 0.3 to 0.7, the variation of
the total energy loss is less than 10%. Therefore, the ratios of the
energy loss to the total demanded energy are also decreasing
when b approaches 0.5, as shown in Fig. 4(b). This means that the
system efficiency is increased. This difference is mainly caused
by the PMSM loss, as shown in Fig. 4(c). Compared to the ASS,
the PMSM loss power when b is 30% is obviously high in the
high-torque regions. And the power loss difference under two split
ratios is also indicated in Fig. 4(c). In addition, the PMSM loss
and the inverter loss account for approximately 63% and 34% of
the total loss, which cannot be neglected. The inverter loss is also
minimized when the torque split ratio b is 0.5 (ASS), as shown in
Fig. 4(d). It verifies the convex characteristic of the total inverter
loss with respect to b. In the following simulation, the battery
energy loss caused by its ohmic resistance is also considered. In
this paper, the battery resistance is assumed to be 18 mX for the
adopted 53 V, 60 Ah Lithium battery pack. The battery loss is less
than 5% of the total energy loss and relatively independent of b.

To verify the ELRS shown in Eq. (31), the front and rear
wheels are equipped with PMSM #1 and PMSM #2, respectively.
As shown in Fig. 5, at a given speed within the normal operating
range (flux-weakening region is not considered in the simulation),
the PMSM loss rate increases linearly with its electromagnetic tor-
que. At any given torque, different motors have different loss
rates. For any required torque, the ELRS can find a set of torque
values for front and rear wheels to ensure that they have the same
loss rate. For online use, the ELRS can distribute the torque
according to the PMSM calibration results.

Fig. 6 The comparison result of ASS and ELRS when front and
rear motors are different: (a) PMSM loss power and (b) inverter
loss power

Fig. 7 The energy loss comparison of ASS and ELRS: (a) the
energy losses from PMSMs and inverters and (b) the energy
loss percentages of the total energy loss
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In the simulation, the ELRS is compared with ASS over the
drive cycle. As shown in Fig. 6(a), the PMSM loss power of the
ELRS is lower than that of ASS, especially in high-torque regions.
The ELRS and ASS have similar results in terms of inverter loss,
as shown in Fig. 6(b).

In addition, compared to the ASS, the ELRS reduces the total
energy loss over the drive cycle by 4.5%, as shown in Fig. 7(a).
This means that the system efficiency is increased by using the
proposed ELRS, as shown in Fig. 7(b). As shown in Fig. 8, the
value of torque split ratio b derived from the ELRS is around
0.25. This shows that the optimal torque split ratio can be far from
0.5 when different PMSMs are adopted, and also suggests when
ASS is adopted in this application the energy consumption will be
significantly increased. Therefore, the torque split ratio should be
well considered in multi-PMSM applications. In conclusion, the
effectiveness of the proposed torque distribution strategy is vali-
dated. The ASS can be adopted when four identical motors are
equipped in the EV. Furthermore, the ELRS can be employed to
maximize the drivetrain efficiency when different PMSMs are
used in the front and rear wheels.

4.2 Optimal Acceleration Control. Acceleration often
occurs in EV operation, and the output torque curve should be
carefully designed to minimize both energy loss and acceleration
duration. The DP presented in Sec. 4 is adopted here to optimize
the EV acceleration performance. The CPP strategy, which is
commonly used in EVs, is compared with DP in the analysis. The
PMSM power of the CPP strategy is directly determined by the
position of the acceleration pedal, and this may be a map diagram
in the real EVs. The maximum power ability of the studied EV is
8 kW. Note that the proposed torque split strategy is directly
adopted in the optimal acceleration control to ensure the optimal
distribution of torque.

First, V0, Vf, and tacc are set to 20 km/h, 57 km/h, and 40 s in the
simulation, respectively. The simulation results are shown in
Fig. 9, revealing that the speed curves generated by DP and CPP
are very different. The CPP yields a concave speed curve, while
the DP yields a convex curve. The acceleration duration of DP is
slightly less than that of CPP. As shown in Fig. 9(b), the total
power used in the acceleration process is relatively constant when
the EV is controlled by the CPP. In contrast, the total power when
the EV is controlled by DP is strictly increasing. This phenom-
enon can be also seen in Fig. 9(c).

In the efficiency map of the PMSM plus the inverter, we can
see that the PMSM torque decreases with increasing speed when
the CPP is used. In contrast, the DP result shows that the PMSM

torque slowly increases with increasing speed. It can be seen that
high efficiency in the low-torque region is important since much
of the energy consumed over the drive cycle is in the low-torque
region. Compared with CPP, DP can improve the EV efficiency
by utilizing the low-torque region (the incipient stage of the accel-
eration process), which is highly significant. The total energy loss
during the acceleration process is calculated by integrating the
energy loss in each interval, based on Eq. (20). The total energy
loss corresponding to different acceleration strategies is then com-
pared. Specifically, the total energy losses of CPP and DP during
the acceleration process are 37.7 kJ and 35.7 kJ, respectively.
Thus, DP decreases the energy loss by 5.3%, while it also reduces
the acceleration duration.

In the DP process, tacc can have various values to achieve dif-
ferent acceleration performance. To reduce the acceleration

Fig. 9 Simulation results when V0 is 20 km/h, Vf is 57 km/h, and
tacc is 40 s: (a) EV speed curves, (b) total power curves, and (c)
motor operation curves

Fig. 8 The torque distribution result of ELRS during the half
UDDS
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duration, V0 and tacc are set to 10 km/h and 30 s in the second
case, respectively, while the final speed is not changed. The simu-
lation results are shown in Fig. 10. The acceleration duration of
DP is much shorter than that of CPP, as shown in Fig. 10(a). In
comparison with simulation results of the first case, similar results
can be found in Figs. 10(b) and 10(c). The simulation results of
the second case also show that DP achieves high efficiency. More-
over, the energy losses of CPP and DP are 44.4 kJ and 37.5 kJ;
thus, DP decreases the energy loss by 15.5%. Consequently,
the effectiveness of the proposed DP is verified. Even though
the energy loss is dominated by the PMSM, we point out that the
influence of the inverter energy loss cannot be neglected. Specifi-
cally, for the case shown in Fig. 9, the energy losses of inverter
for the DP and CPP are 9.23 kJ and 14.66 kJ, respectively, and
they account for 26% and 39% of the total energy losses. For the

case shown in Fig. 10, the energy losses of the inverter for the DP
and CPP are 9.90 kJ and 12.38 kJ, respectively, and they account
for 26% and 28% of the total energy loss. Therefore, the inverter
loss also significantly influences the system efficiency, especially
for the case shown in Fig. 9.

We point out that it is difficult to directly use the proposed
algorithm in real application considering the uncertainties in the
command velocity profiles, and specific algorithms are required
to handle the uncertainty online [45]. However, the DP results
can be potentially used to improve the translation of accelera-
tion pedal to torque commands. Specifically, the proposed DP
generates a convex curve, indicating the acceleration of the EV
is increasing, as shown in Figs. 9(a) and 10(a). In contrast, the
CPP generates a concave curve. However, we point out that the
CPP is preferred from the perspective of vehicle dynamics per-
formance as it can control the EV to approach the target speed
in a smoother way, while the driver has to brake at the last
moment when DP is adopted. To solve this problem, a “jerk”
term can be added in the cost function of DP to ensure that
the EV speed approaches Vf smoothly. Due to space limitation,
this modified DP is not presented in this paper. By directly using
simulation results, we may be able to generate a convex-
concave speed curve to balance the system efficiency and EV
dynamic performance.

5 Conclusion and Future Work

This paper proposes a general torque distribution strategy to
improve the drivetrain efficiency of four-wheel-drive EVs regard-
less of whether the same or different motors are equipped in the
front and rear wheels. The PMSM and the inverter models are
considered over a wide range of torque and speed. The relation-
ship between drivetrain efficiency and the torque split ratio at any
given speed is proven to be convex in the traction mode. It has
been shown that the total required torque should be equally shared
between four identical motors to maximize the drivetrain effi-
ciency. In addition, the ELRS is proposed for the case when dif-
ferent PMSMs are used. The effectiveness of the proposed
strategy is verified over the scaled UDDS. In addition, to save
more energy, the EV acceleration process is optimized using DP
to minimize both acceleration duration and energy consumption,
and the optimal torque split strategy is integrated in the accelera-
tion control. Simulation results show that the proposed strategy
can improve the EV efficiency. The energy loss during the accel-
eration process can be reduced by up to 15%, and the acceleration
duration can be significantly reduced. Even though it is difficult to
directly adopt the acceleration control strategy in practical appli-
cations, simulation results can be used to improve the translation
of the position of acceleration pedal.

The contributions of this paper can be summarized in three
aspects: (1) the inverter energy loss is considered in the entire model
of the 4WD EV powertrain; (2) the analytical solution of the optimal
torque split ratio for the case where different PMSMs are used is
provided; and (3) the optimal acceleration profile is proposed. When
compared with ASS, which has been widely used in four-wheel-
drive EVs, the ELRS is a general method, which can be widely used
in many multi-PMSM applications, such as hybrid electric vehicle
applications. This will be investigated in future work.
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