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Preface

Thermal spreading and contact resistance are fundamentally important topics in heat transfer. The
topic appears in virtually all thermal management applications in engineering. Applications are
found in mechanical, aerospace, chemical, nuclear, and countless other engineering fields. The fun-
damentals of this topic have grown out of research needs in electronics cooling, aerospace systems,
and tribology applications over the past 60+ years. Much of the information in this field is found
in research papers, compendiums, handbooks, unpublished reports, and other reference books in
varying degrees of coverage. We have set out to provide the necessary fundamentals and appli-
cations in one comprehensive reference book which will enable current practitioners to apply the
state-of-the-art knowledge to their problems and also enable them to go further with new problems
as technology demands lead to new areas of research.

Thermal engineering covers a broad area of applications. In nearly all applications, heat enters
or leaves a system through a smaller area of contact. This area of contact may be perfect or imper-
fect. If it is perfect, thermal spreading (or constriction) resistance occurs. If it is imperfect, then
thermal transport occurs over a much smaller region of real contact within the apparent area of
contact. This is contact resistance. The topics covered in this book have been drawn from over
60 years of research and development applications in many engineering fields. Each decade has
brought new applications and new solutions. Early applications focused on thermal interfaces of
mechanical joints, followed by electronics cooling using heat sinks for discrete heat sources. Today,
we see micro-devices such as GaN high electron mobility transistors (HEMTs), LED lighting, and
three-dimensional chip stacks. Other areas such as conduction in roller bearings and mass trans-
fer from pharmaceutical patches also contain spreading resistance. Presently, the emerging area of
super-hydrophobic (nonwetting) surfaces requires knowledge of thermal spreading at small scales.
Even common problems such as heat loss from buildings and homes into the earth (a half-space)
are modeled using thermal spreading resistance. We expect there will always be a need for the
useful knowledge collected in this unique manuscript.

The book is presented primarily as a research reference. It compiles historical solutions and
summarizes key results from over 60 years of published works in the field of thermal constriction
(spreading) and contact resistance studies. The book is divided into 12 chapters covering the funda-
mentals and applications in problems where heat transfer from discrete heat sources is prevalent.
The book also provides numerous simple predictive models for determining thermal spreading
resistance and contact conductance of mechanical joints and interfaces. The book also discusses
advanced applications in contact resistance, mass transfer, transport from super-hydrophobic sur-
faces, droplet/surface phase change problems, tribology applications such as sliding surfaces and
roller bearings, heat transfer in micro-devices, micro-electronics, and thermal spreaders used in
thermal management of electronics equipment. Solutions to fundamental problems are presented
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Preface xvii

with extensive details which are often left out in handbook references. Fundamental concepts are
explained clearly and concisely.

Much of the material that is presented in Chapters 10–12, along with key results in Chapters
2–4, was presented in a large number of short courses and book chapters dealing with Thermal
Contact Resistance. The second author (M. Michael Yovanovich) presented several 3–5 day courses
on Thermal Contact Resistance at various research labs in the 1970s, 1980s, 1990s, and early 2000s.
He presented his first five-day course on Theory and Applications of Thermal Contact Resistance to
the engineers and scientists at IBM Research Laboratory in Paris-Saclay, France, in 1968. Over the
next 30 years, he presented numerous two to three-day and five-day courses at many companies
and research establishments. Over 500 engineers and physicists attended these courses with most
short courses attended by 35–40 engineers from industry and government research labs. Five-day
long courses were presented to IBM Research and Manufacturing at Burlington, Vermont, Kingston
and Poughkeepsie, New York; Los Alamos National Laboratory, Los Alamos, New Mexico; Nokia
Research, Helsinki, Finland; and Sandia National Laboratories, Albuquerque, New Mexico. Ten
3-day courses were sponsored by Cooling Zone of Marlborough, Massachusetts, in the late 1990s
and early 2000s. Finally, numerous two to three-day short courses presented during conferences
sponsored by the American Society of Mechanical Engineers (ASME) and the American Institute
of Aeronautics and Aeronautics (AIAA). The content of the courses was based on research results
of about 60 graduate students (masters and PhD), two-to-three postdoctoral fellows and faculty
members.

The funded research topics arose from the Nuclear Industry (Atomic Energy of Canada Limited
in Pinawa, Manitoba and Chalk River, Ontario); Aerospace Industry (Lockheed Missiles and Space
Corporation, in Palo, Alto, California; Los Alamos Laboratory in Los Alamos, New Mexico; Sandia
Laboratories in Albuquerque, New Mexico); Microelectronics industries (such as Nokia Research
in Helsinki, Finland, and IBM Research in Binghamton, Kingston, Poughkeepsie in New York,
and Burlington in Vermont). Much of the theoretical and practical materials found in this book are
based on the aforementioned sponsored research.

Though it is written primarily as a research reference, a limited number of examples are included
throughout each chapter. As a research reference its purpose is to collect, summarize, and dis-
seminate the most useful results that engineers use in the many fields of application. The analysis
is detailed, allowing readers to appreciate the limitations of the theory as well as adapt it to new
problems as they arise in practice. We have specifically targeted researchers and engineers work-
ing in the fields of heat transfer, thermal management of electronics, and tribology. Practitioners
in other fields such as mechanical, aerospace, or nuclear engineering will also benefit, as many
applications occur in these broad areas of engineering. Readers can also use it to learn solution
techniques to extend and adapt theory to new problems.

The topics are distributed over 12 chapters and 3 appendices. Chapter 1 discusses the fun-
damental concepts and definitions used throughout the text. Chapters 2 through 8 present a
thorough discussion of thermal spreading resistance fundamentals and solutions for a wide array
of applications including the semi-infinite (or half-space) domain, flux tubes and disks, rectangular
flux channels, orthotropic systems, multisource systems, transient spreading solutions, and finally
problems with variable sink conductance. Chapter 9 provides extensive discussion on a number
of special applications including moving heat sources, mass diffusion, superhydrophobic surfaces,
temperature dependent thermal conductivity, and problems in spherical domains. The remaining
three chapters, Chapters 10–12, provide comprehensive coverage of thermal contact resistance
theory and its applications. Finally, we include three appendices. The first contains a concise
overview of the special mathematical functions that appear in many of the solutions. The second
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xviii Preface

presents useful materials pertaining to hardness which is needed in the application of contact
resistance models. Finally, the third provides useful data for thermal properties of common metals,
nonmetals, gases, and thermal interface materials.

Throughout each chapter, there are a handful of illustrative examples that are collected from
our research experience as well as the published literature. These are provided to assist the reader
in the appropriate application of the concepts and to provide some calculation benchmarks. Over
400 works spanning six decades of research have been cited. While we have made every effort to
review all of the relevant historical literature, we no doubt have missed some excellent works. We
strived to present the most useful and recurring material, i.e. the results used most often in practice
or applications that can be easily extended using the methods outlined in the book.

Yuri S. Muzychka, St. John’s, NL, Canada, 2023
M. Michael Yovanovich, Waterloo, ON, Canada, 2023
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xx

Nomenclature

a, b, c, d linear dimensions (m)
a, b, c radial dimensions (m)
a, b semi-axes of an ellipse or rectangle (m)
a contact spot radius (m)
ae elastic contact spot radius (m)
aep elastic–plastic contact spot radius (m)
aH Hertz contact spot radius (m)
ap plastic contact spot radius (m)
aL contact spot radius for layer (m)
aS contact spot radius for substrate (m)
A area (m2)
Aa apparent contact area (m2)
Ac contact area (m2)
Ag gap area (m2)
Ar real contact area (m2)
At flux tube cross-sectional area (m2)
A0,Am,An,Amn Fourier coefficients
b hydrodynamic slip length
bt thermal slip length
bt effective CLA roughness (≡ 2(CLA1 + CLA2))
B0,Bm,Bn,Bmn modified Fourier coefficients
Bi Biot number (≡ h∕k)
cp specific heat (J∕kg K)
C0,Cm,Cn,Cmn Fourier coefficients
C0,C2,C2,C3 … equation coefficients
C concentration (mass∕m3)
Cc dimensionless contact conductance (≡ hc𝜎∕ksm)
CLA Center Line Average roughness (m)
d plate separation (m)
D diameter of contacting sphere (m)
DAB mass diffusivity of A in B (m2∕s)
f̂ , f influence coefficient (K/W)
ex exponential function (≡ exp(⋅))
e eccentricity (m)
erf(⋅) Gaussian error function
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Nomenclature xxi

erfc(⋅) complementary error function
erfc−1(⋅) inverse complementary error function
E(⋅) complete elliptic integral of the second kind
E,E1,E2 modulus of elasticity (GPa)
E′ effective modulus of elasticity (GPa)
Ei(⋅) exponential integral
fep elastic–plastic contact parameter
F applied load (force) (N)
F(⋅) incomplete elliptic integral of the first kind
12 effective radiative surface factor
Fo Fourier number (≡ 𝛼t∕2)
G superposition functions
h convection film coefficient or conductance (W∕(m2 K))
hs sink plane conductance (W∕(m2 K))
hc contact conductance (W∕(m2 K))
he edge conductance (W∕(m2 K))
hg gap conductance (W∕(m2 K))
hj joint conductance (W∕(m2 K))
h0 maximum conductance (W∕(m2 K))
He equivalent elastic micro-hardness (GPa)
Hep elasto-plastic micro-hardness (GPa)
HB Brinell hardness (GPa)
HL layer hardness (GPa)
HS micro-hardness of softer substrate (GPa)
HV Vickers micro-hardness (GPa)
Hp equivalent plastic micro-hardness (GPa)
H′ effective micro-hardness of coated surface (GPa)
ierfc(⋅) integrated complementary error function
I polar second moment of area
I0(⋅), I1(⋅) modified Bessel functions of the first kind of order 0 and 1
Ig gap conductance integral
Ig,l gap conductance integral for line contact
Ig,p gap conductance integral for point contact
Jz mass flux in z-direction (mass∕(m2 s))
J0(⋅), J1(⋅) Bessel functions of the first kind of order 0 and 1
K thermal conductivity ratio
K0(⋅),K1(⋅) modified Bessel functions of the second kind of order 0 and 1
k, k1, k2 thermal conductivities (W∕m K)
kg gas thermal conductivity (W∕(m K))
kp polymer thermal conductivity (W∕(m K))
ks effective contact spot thermal conductivity (≡ 2k1k2∕(k1 + k2))
k reaction rate (s−1)
K(⋅) complete elliptic integral of the first kind
K{T} Kirchoff transform
Kn Knudsen number (≡ Λ∕𝓁)
𝓁 arbitrary depth (m)
 arbitrary length scale (m)
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xxii Nomenclature

L,L1,L2 length (m)
Lf latent heat of fusion (J/kg)
m,n indices for summations
m,n Hertz parameters
m,m1,m2 surface slope
M rarefaction parameter (m)
M∗ dimensionless rarefaction parameter (≡ M∕d)
n normal direction (m)
n hyper-ellipse shape parameter
n contact spot density N∕Aa (m−2)
N number of contact spots
N number of heat sources
N number of sides of a polygon
P contact pressure (MPa)
Pg gap gas pressure (Pa)
Pe Peclet number (V∕𝛼)
p sink plane conductance distribution parameter
p, s thermal conductivity coefficients
q0 constant uniform heat flux (W∕m2)
q heat flux (W∕m2)
q★ dimensionless heat flux (q

√
A∕kΔT)

Q heat flow rate (W)
Q′ heat flow rate per unit depth (W/m)
r cylindrical or spherical radial coordinate (m)
ri inscribed radius of a polygon
R thermal resistance (K/W)
Rg gap thermal resistance (K/W)
Rr radiation thermal resistance (K/W)
Rc contact thermal resistance (K/W)
Rj joint thermal resistance (K/W)
Rs thermal spreading resistance (K/W)
Rtotal total thermal resistance (K/W)
R1D bulk resistance thermal resistance (K/W)
R★ dimensionless thermal spreading resistance
R′′

c specific thermal resistance (= 1∕hc [m2 K∕W])
S shape factor (m)
Sf material flow stress (GPa)
Ste Stefan number (cpΔT∕Lf )
t time (s)
t integration variable
t, t1, t2 total and layer thicknesses (m)
T temperature (K)
Tb bulk material temperature (K)
Tc contact temperature (K)
Tj joint temperature (K)
Ts source temperature (K)
Tcp contact plane surface temperature (K)
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Nomenclature xxiii

Tf ,T∞ sink temperature (K)
u velocity (m/s)
uz elastic displacement (m)
U velocity (m/s)
U Kirchoff transform variable
V velocity of heat sliding heat source (m/s)
x Cartesian coordinate (m)
Xc,Yc heat source centroid (m)
Y mean plane separation (m)
y Cartesian coordinate (m)
Y0(⋅) Bessel function of the second kind of order zero
z Cartesian coordinate (m)
Zc thermal spreading zone for circle (≡ Rc∕Rtotal)
Ze thermal spreading zone for ellipse (≡ Rse∕Rtotal)

Greek Symbols

𝛼 thermal diffusivity (≡ k∕𝜌cp)
𝛼 dimensionless conductivity ratio
𝛼, 𝛼1, 𝛼2 accommodation coefficient
𝛼, 𝛽 semi-axes of an ellipse (m)
𝛼, 𝛽, 𝛾 equation coefficients
𝛽n eigenvalues
𝛽mn eigenvalues (≡

√
𝜆2

m + 𝛿2
n)

𝛽 angular measurement
𝛽(x, y) Beta function
𝛾 orthotropic conductivity variable (≡

√
kz∕kxy,

√
kz∕kr)

𝛾 specific heat ratio
Γ(⋅) Gamma function
𝛿n eigenvalues
𝛿 perpendicular (m)
𝛿 local gap thickness (m)
𝛿 penetration depth (m)
𝜖 aspect ratio (≡ b∕a)
𝜖 relative contact area (≡

√
Ar∕Aa)

𝜖1, 𝜖2 surface emissivity
𝜖∗c dimensionless contact strain
𝜁 dummy variable
𝜂 dimensionless length (≡ y∕b)
𝜃 temperature excess (≡ T − Tf [K])
𝜃 mean temperature excess (K)
�̂� centroidal temperature excess (K)
𝜃0 constant uniform temperature excess (K)
𝜃s source temperature excess (K)
𝜅 complementary modulus (≡

√
1 − 𝜖2)

𝜅 relative conductivity (k2∕k1)
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xxiv Nomenclature

𝜆 integration variable
𝜆m eigenvalues
𝜆 relative mean plane separation (≡ Y∕𝜎)
Λ mean free path (m)
𝜇 heat flux shape parameter
𝜇 coefficient of dynamic friction
𝜇 dynamic viscosity (Pa s)
𝜈, 𝜈1, 𝜈2 Poisson’s ratio
𝜉 dimensionless length (≡ x∕a)
𝜉 denotes arbitrary eigenvalue in spreading function
𝜉 orthotropic coordinate transformation variable
𝜉 hydrodynamic spreading factor
𝜌 density (kg∕m3)
𝜌 segment length
𝜌 relative position in polar coordinates (≡ r∕a)
𝜌 radius of curvature (m)
𝜌1, 𝜌

′
1, 𝜌2, 𝜌

′
2 radii of curvature of contacting bodies (m)

𝜎, 𝜎1, 𝜎2 RMS surface roughness (m)
𝜎 Stefan–Boltzmann constant (𝜎 = 5.67 × 10−8 W∕(m2 K4))
𝜏𝑤 wall shear stress (Pa)
𝜏★ dimensionless wall shear (𝜏𝑤

√
A∕𝜇U)

𝜏 relative thickness (≡ t∕)
𝜙s area contact ratio (As∕At)
𝜙 thermal spreading function
𝜑 reciprocal of thermal spreading function
𝜓 thermal constriction (spreading) parameter
𝜓 angular measurement
𝜓∗ thermal elastoconstriction parameter
𝜔 angular measurement
𝜔1, 𝜔2 thermal conductivity coefficients
Ω omega function in point source method

Subscripts

0 denotes at centroid or reference value
1, 2, 3,… denotes layer number√

A length scale used to define dimensionless resistance
a apparent
b base
b bulk
c centroid
c contact
cp contact plane
cr critical
e effective
e edge
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Nomenclature xxv

eff effective value
ei equivalent isothermal
g gap
H Hertz
i, j denotes the ith and jth sources
i inner
ip in plane
i inscribed
j joint
m moving
ma macro
mi micro
mac macro
mic micro
o outer
p polymer
r r-direction
r radiation
r real
source denotes source
sink denotes sink
s stationary
s denotes source
s denotes spreading
total denotes total
t thermal
t denotes flux tube
tp through plane
𝑣 viscous
x associated with x-direction
xy xy-plane
y associated with y-direction
z associated with z-direction

Superscripts

∗ denotes dimensionless variable
′ denotes derivative of function where specified
′ denotes effective variables where specified
(⋅) mean value
(̂⋅) centroid value
i, j denotes the ith and jth sources
q isoflux
T isothermal
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