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wherein EI designates the "stiffness" of the curb, X is the dis-
tance between successive points of the network, and w designates 
deflection. By Newmark's theorem the influence surface for 
moment at point 4 will, therefore, be given by the deflection of 
the slab due to loads 

Determination of the deflection of the slab loaded in this manner 
yields an influence ordinate at each point of the network.3 Con-
tours of the influence surface having these ordinates are shown 
in Fig. 3. 

With the influence surface known, it becomes possible to de-
termine the effect of truck-wheel loads for various positions on 
the lanes of traffic. Because the distances of the traffic lanes from 
the curb are specified, it is a simple matter to determine graphi-
cally the maximum moment in the curb due to each set of truck-
wheel loads. The final position of the loads for maximum moment 
in the curb is shown in Fig. 3, when the rear-wheel loads Pi are 
4 times as great as the front-wheel loads P2. 

The Effect of Foundation Stiffness 
on the Resonant Frequencies 

of Rotating Machines1 

T. C. RATHBONE.2 The status of the vibration problem as 
affected by foundations is still far from satisfactory, hence this 
paper, describing a somewhat different method of attack, is a 
most welcome contribution. It is evident from the author's re-
sults that a great amount of valuable information can be ob-
tained readily and simply by means of nonrotating prototypes. 

In addition to those mentioned in the paper, some practical 
observations occur to the writer, which are offered as supple-
mentary to the text, having to do principally with disparities of a 
secondary nature between the nonrotating model and the actual 
installation. 

The transit of nodes in the "rotor" across the "bearings" with 
varying speeds, as so well illustrated in the diagrams, has amply 
been borne out by actual experience on large installations. No 
better exposure of the futility of attempting field balancing by 
the "horse-and-buggy" method of scribing the shaft to locate the 
balance correction could be asked for. Obviously, the scribed 
"high spot" will practically reverse itself as the node passes from 
one side of the scribed location (usually between the bearing and 
the gland or end-bell) to the other, with no change in the initial 
unbalance. Quite recently, the writer was assured that a turbine, 
still obviously vibrating badly, had been satisfactorily balanced, 
because the scribed mark showed all around the shaft! A node 
probably occurred at the scribed location. 

Phase relationships have an additional meaning with the rotor 
actually rotating. Directional characteristics are absent with 
the linearly vibrating nonrotating member; the point on the 
generating circle for the harmonic motion in the vertical plane 
can be considered as rotating in either direction, while on the 
actual machine, the exciting forces together with the indexes 
are rotating in a fixed direction. On large units, the vibration 
characteristics can exhibit considerable differences between 
clockwise and counterclockwise rotation. This sounds para-
doxical, but is inherently true. 

The difference is brought about by the intercommunication 
of vibratory disturbances from one bearing to another through 
the foundation and stationary parts and by the time lag which 
depends upon the velocity of sound (impulse transmission) 
through the structure, during which lag the high-speed rotor can 
turn through a considerable angle. For example, with a mod-
ern, large 3600-rpm unit, having a distance of, say, 45 ft between 
the No. 1 and the outboard bearing, the rotor will turn through 
about 60 deg before a disturbance emanating from one bearing 
reaches the other. As the vibration at each bearing is a composite 
of the disturbances coming from the entire unit, the vector addi-
tions will give different resultants for the two directions of rota-
tion. By the same token, if the assumed concentrated unbalance 
at one end of the rotor leads that of the other end by 90 deg, the 
vibration of the unit will not be the same as when it lags 90 deg.3 

Another seeming paradox appears when exploring the relation 
between the phase of the bearing vibration, as referred to a 
datum on the rotor, and the speed. On actual tests on a large 
rotor, contrary to the expected shift from zero to 180 deg, the 
angle changed through over 700 deg, nearly two complete rota-

1 By E. H. Hull, published in the September, 1941, issue of the 
J O U R N A L OF A P P L I E D M E C H A N I C S , Trans. A .S .M.E. , vol. 62, p. A-121. 

2 Chief Engineer, Turbine and Machinery Division, The Fidelity 
and Casualty Company of New York, New York, N. Y . Mem-
A.S.M.E. 

3 For experimental development, refer to "Turbine Vibration and 
Balancing," by T. C. Rathbone, Trans. A.S.M.E., vol. 51, 1929, 
paper APM-51-23, pp. 272-273. 
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tions, between rest and about 1900 rpm, and at a fairly uniform 
rate. This observation was made on the bearing, not on the shaft. 
Parallel data obtained on the shaft would furnish the relative 
motion between bearing and shaft bj1, vectorial subtraction.4 

The influence of the mat and ambient soil may introduce 
another variant from the prototype that may warrant recogni-
tion. Professor Bernhard has shown the effect of the vibrating 
mass of soil on the over-all dynamic characteristics of the installa-
tion.6 Earth vibration from 1800-rpm turbines at a distance 
of several hundred feet has been observed and measured. In such 
cases, the mass and elasticity of the probably damp soil might 
have considerable influence. K. H. Larkin6 gives data on the 
natural frequencies of soils in connection with Diesel-engine 
foundations, which indicate that the frequency increases as the 
imit loading decreases, and proposes that resonances with en-
gine impulses can be avoided by selecting appropriate bearing 
area for the base. 

Even though the nonrotating prototypes cannot duplicate all 
the full-size rotating characteristics, the informative data al-
ready obtained by the author in such a simple and inexpensive 
manner warrants extending this work to embrace a third system, 
representing the mat and its elastic support, and also the two-
rotor three-bearing system with solid coupling. 

H. D. TAYLOR.' This paper should be of special interest to 
all persons concerned with the mechanical operation of high-
speed machinery, particularly turbine-generators. It indicates 
definitely that resonant speeds, at which unbalances may pro-
duce peaks of vibration, depend quite as much upon foundation 
stiffness as upon the conventional critical speeds of the rotor, 
calculated on the usual tacit assumption of rigid support at the 
bearings. A uniform shaft has the familiar series of critical 
speeds, for 1-, 2-, 3-, and 4-loop forms of vibration, in the ratio of 
1, 4, 9, 16, as closely approximated in the tests reported in the 
paper, and shown in Figs. 4 and 5. A turbine-generator-type 
rotor, however, indicates relative speeds of about 1.0, 2.9, 6.4, 
8.7, as illustrated in Fig. 16. The difference is due to the stepped 
diameters of the generator-type rotor, as shown in Fig. 14 of the 
paper. This type of rotor, assembled with its heavy stator, and 
mounted on a foundation of appreciable flexibility (i.e., any 
practical foundation for a large machine), will have all of its 
"criticals" depressed appreciably, the higher orders probably 
more, relatively, than the lower ones, as shown in Fig. 15 of 
the paper. In the examples tabulated by the author, the resonant 
speeds may be expressed as ratios based upon the fundamental 
critical speed of 2400, as follows: 

Form 
1 loop 
2 loops 
3 loops 
4 loops 

Rigid 
foundation 

1 . 0 0 
2 . 9 4 
6 . 4 1 
8 . 7 4 

Elastic foundation 
Vertical Horizontal 

0 . 6 3 4 
1 . 0 8 7 
1 . 1 1 7 
3 . 0 0 

0.208 
0 . 3 3 7 
1 . 0 6 3 
3 . 0 0 

In Figs. 15 and 16 of the paper, it is not quite clear that series 
B is derived from the basic form 3; that is, curve B approaches 
and merges with form 3 as the foundation stiffness is increased. 
Likewise, series D is derived from basic form 4. These relation-
ships were shown in Fig. 7, as an extrapolation of the observa-
tions on a uniform shaft, but they apply definitely to the gener-
ator-type rotor also. They may be shown in another manner, 
perhaps more readily grasped, by plotting the test curves against 

4 Footnote3, Figs. 10 and 26. 
6 "Geophysical Study of Soil Mechanics," by R. K. Bernhard, 

A.I.M.E. Technical Publication No. 834, 1938. 
6 "Design of Diesel Engine Foundations," by K. H. Larkin, pre-

sented at Semi-Annual Meeting, Kansas City, Mo., June 1 6 - 1 9 , 
1 9 4 1 , o f T H E A M E R I C A N SOCIETY OF M E C H A N I C A L E N G I N E E R S . 

7 General Electric Company, Schenectady, N. Y. 

foundation flexibility rather than stiffness. This permits the 
curves to start with zero flexibility which, of course, cannot be 
included in the present diagrams because it corresponds to in-
finite stiffness. The curves, in effect, would be reversed. The 
depression of all the criticals with increasing flexibility of the 
foundation can be shown clearly, starting from the familiar values 
as calculated for a rigid foundation. 

The information given in this paper should be of material value 
in the development of the technique of refining the balance of 
turbine-generators and other high-speed machinery. In this con-
nection, however, the writer would like to propose an amendment 
to the author's statement that "in most actual systems, all forms 
of resonance are excited by a single force, irrespective of position." 
This does apply to the type of laboratory test setup employed, 
having very little damping and being therefore very sensitive 
to properly tuned frequencies. However in work with rotating 
equipment, it has been the writer's experience that the arrange-
ment or distribution of unbalances has a major effect on the 
roughness encountered at the various resonant speeds. "Static" 
unbalance brings out primarily the fundamental 1-loop form, 
and also in many cases the 3-loop form, but not the 2-loop or 
4-loop forms; whereas, "dynamic unbalance," or a "couple," pro-
duces 2-loop or 4-loop vibration, but not the 1-loop or 3-loop 
varieties. These statements are based upon work with rotors 
which are symmetrical along their length, and may not hold for 
seriously unsymmetrical cases. 

Referring again to Fig. 15, curve D indicates a resonance at 
7200 vibrations per min which speed was almost constant, for 
the particular combination of rotor and stator, over a wide range 
of foundation stiffness. It might be expected that, if an actual 
3600-rpm generator were built to the same proportions, it would 
be likely to get into trouble from the twice-per-revolution gravity 
deflection of the rotor. However, the gravity deflection is essen-
tially a 1-loop phenomenon, like static unbalance, except for the 
double frequency; and the form of vibration required for this 
7200-vibrations-per-min resonance is a 2-loop pattern (as shown at 
point 18 of Fig. 16) which should be responsive only to "dynamic" 
or couple-type stimulation. Therefore, it seems to the writer that 
this disturbance would not ordinarily appear. Such trouble might 
be encountered, however, if the rotor-deflection curve happened 
to be considerably unsymmetrical along its length, or if the ma-
chine proportions were such that either the 1-loop or 3-loop type 
of resonance, shown as series B and E in Fig. 15 (actually de-
pressed 3-loop and 5-loop criticals), should happen to come at 
7200 vibrations per minute. 

The existence of a large number of resonant speeds or depressed 
"criticals," within the running range of high-speed turbine-gen-
erators has been perhaps not generally recognized, and might be 
viewed with some alarm. There should be no great concern 
about this, however, as it is common experience that refined bal-
ancing by modern methods takes care of them. In general, bal-
ancing work can be expedited if the resonant characteristics of the 
setup are understood. Here, it is believed, the author has made a 
significant contribution to the art. 

A U T H O R ' S C L O S U R E 

The author is indebted to Mr. Rathbone for adding his obser-
vations on full-scale machines, which confirm and enlarge the 
model data. There are of course many effects due to rotation 
which cannot be shown with a nonrotating model. 

When we can work again on this project, there are several 
phases which can be studied by means of nonrotating models, 
such as, foundation mats and three-bearing sets, as suggested by 
Mr. Rathbone, as well as the effect of elastically supported 
stators in two-pole generators, on which some model work has 
already been done. 
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Mr. Taylor has contributed several valuable ideas in his dis
cussion, in addition to ~hose made previously dlll;ng the course of 
this work. 

As Mr. Taylor indicates, series B has not taken on form 3 
within the stiffness range of these experiments. As the founda
tion becomes more rigid, series B approaches form 3 by bringing 
the two nodes inside the bearings closer together. At the same 

time, a node appears outside each bearing, which progresses 
inward, arriving at the bearings when the foundation is rigid, 
giving form 3. The latter behavior is seen in series C. 

It would be instructive to plo~ these model data as a function 
of flexibility rather than stiffness. Stiffness was used from selfish 
motives, thc author having visualized the phenomena in tha t 
way. 

D
ow

nloaded from
 http://asm

edc.silverchair.com
/appliedm

echanics/article-pdf/9/1/A49/6744240/a48_1.pdf by guest on 19 M
ay 2023




