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Witli reference to Fig. 4 of this 
closure, which is a sketch of a 
mechanism for pulling a test bar, 
we wish to investigate the relation 
connecting the strain rate de/dl 
as measured in the gage length 
lo of the cylindrical test bar and 
the velocity v with which the lower 
head of the machine moves. The 
mechanism of a screw-driven ten-
sion machine was assumed, simi-
lar to the one described in the paper 
(Figs. 2 and 3), AB representing 
the force-measuring device, BC the 
upper grips, including the head of 
the test bar, CD the cylindrical 
portion of the test bar, and DE 

the lower grips. Assuming that the displacements of the points 
A, B, C, D, and E are 0, £lf £2, {3, and respectively, we have 
for the increases of the lengths8 the following: 

In the force-measuring device (Fig. 5) £1 = ffi(P) 
In the upper grip £2 — £1 = gi(P) 
In the gage length £3 — £2 = G(P) 
In the lower grip & — £3 = g3(P) 
For the motion of the lower head £4 = vt 

where the expression g(P) designates functions of the load P, and 
I is the time. By adding these equations we obtain 

Vt = FFI(P) + 02 ( P ) + 0 , ( P ) + G(P) [ 1 ] 
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Since the strain is defined by 
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where G(P) represents the conventional stress-strain diagram 
(Fig. 6 of this closure) of the material of the test bar, we have 
for the rate of strain 

de 
dt 

dX} 
dP 

dP 
dt ' 

[ 3 ] 

which equation connects the strain rate de/dt with the rate of 
loading dP/dt. Expression dG/dP = G'(P) represents the slope 
of the stress-stain curve, Fig. 6. After differentiating Equation 
[1] with respect to the time t, and after eliminating dP/dt, we 
find that 

* "
 1

 [4] dt lo 
1 + 

( g L+V = g*'Y 
G' 

From this expression, the rate of strain de/dt can be computed 
8 The authors are indebted to P. G. McVetty for having called 

attention to the fact that the late Prof. T. Hammond Smith had sepa-
rated the relative motions in the moving parts of a testing machine in 
a similar manner by plotting the £1, £2 . . . . in function of the timet; 
refer to "The Rate of Elongation in Tension Tests," by T. H. Smith, 
Proceedings of the American Society for Testing Materials, vol. 27, 
1927, pp. 507-519. 

for a given velocity v of the lower head of the testing machine 
provided sufficient observations were made for obtaining the 
values of the three functions g/, g2', and g3'. Equation [4] is 
valid for uniform stretching, but not for discontinuous yielding, 
since in this latter case e is not completely defined by means of 
Equation [3]. The g' terms are the derivatives dg/dP, i.e., the 
slopes in the curves £„ — £„_1 = <7„(P). Some care should be 
exercised in their evaluation in the case when slipping occurs in 
the wedges or in the grips. 

We can conclude from Equation [4] that while the looseness 
in the grips is gradually taken up under small loads the rate of 
strain de/dt cannot yet remain constant at a head velocity v = 
constant. The same is true due to slipping of the wedges or 
when gradually an elastic contact is established in the grips. 
However, in a machine with a strictly linear and stiff charac-
teristic, such as the one described in the paper we have gi' = 
constant. After the grips have become tight de/dt soon tends to 
become a constant, while the head of the machine moves with a 
constant velocity v. In other words, this device can well serve 
for running a constant-strain-rate test with a rate of stretching 
which for the larger strains is proportional to the velocity v of 
the head. 

Dr. MacGregor mentions the possibility of further practical 
applications of the theory of the necking of bars to cases fre-
quently observed. The few examples treated in the paper were 
selected with a view to describing simultaneous stretching and 
contracting of bars having variable cross sections, under the 
simplest assumption which could be made, namely, that stress 
would depend only upon the rate of strain. At low temperatures 
(room temperatures), it is not yet clear whether such a depend-
ence would be sufficient for describing the necking in bars, since, 
at low temperatures, stress is a function of the plastic strain and 
of the rate of strain, which fact probably complicates the analysis 
further. 

Note on Calculation of Influence 
Surfaces in Plates by Use of 

Difference Equations1 

V. P. JENSEN.2 The author's theorem is a definite contribution 
to the literature on the engineering uses of difference equations. 
It materially extends the field of practical application of differ-
ence equations by making possible a rapid determination of the 
effect of moving loads on a slab. 

The writer has applied the theorem to the problem of determin-
ing live-load moments at various points on skew-slab highway 
bridges with curbs.3 Truck-wheel loads and spacings for the de-
sign of such bridges are specified by the American Association of 
State Highway Officials.4 Since the positions of the wheel loads 
on the bridge will not coincide with the nodal points of the net-
work used in the analysis, the advantages of an influence surface 
become apparent. 

As an illustration of the practical application of the theorem, 
consider the bridge, shown in Fig. 1 of this discussion. A con-
venient network for the analysis of this bridge is shown in Fig. 2. 
The equation for the bending moment in the curb at point 4 is 

EI 
(M„urb)l = — (2Wi -

X' 
• 102 • Wl) 

1 By N. M. Newmark, published in the June, 1941, issue of the 
J O U R N A L OF A P P L I E D M E C H A N I C S , Trans. A . S . M . E . , vol. 63, p. A - 9 2 . 

2 Special Research Assistant Professor of Theoretical and Applied 
Mechanics, University of Illinois, Urbana, 111. 

3 "Analyses of Skew Slabs," by Vernon P. Jensen, Bulletin 332, 
University of Illinois Engineering Experiment Station, 1941. 

4 "Specifications for the Design of Highway Bridges," American 
Association of State Highway Officials, 1935. 
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wherein EI designates the "stiffness" of the curb, X is the dis-
tance between successive points of the network, and w designates 
deflection. By Newmark's theorem the influence surface for 
moment at point 4 will, therefore, be given by the deflection of 
the slab due to loads 

Determination of the deflection of the slab loaded in this manner 
yields an influence ordinate at each point of the network.3 Con-
tours of the influence surface having these ordinates are shown 
in Fig. 3. 

With the influence surface known, it becomes possible to de-
termine the effect of truck-wheel loads for various positions on 
the lanes of traffic. Because the distances of the traffic lanes from 
the curb are specified, it is a simple matter to determine graphi-
cally the maximum moment in the curb due to each set of truck-
wheel loads. The final position of the loads for maximum moment 
in the curb is shown in Fig. 3, when the rear-wheel loads Pi are 
4 times as great as the front-wheel loads P2. 

The Effect of Foundation Stiffness 
on the Resonant Frequencies 

of Rotating Machines1 

T. C. RATHBONE.2 The status of the vibration problem as 
affected by foundations is still far from satisfactory, hence this 
paper, describing a somewhat different method of attack, is a 
most welcome contribution. It is evident from the author's re-
sults that a great amount of valuable information can be ob-
tained readily and simply by means of nonrotating prototypes. 

In addition to those mentioned in the paper, some practical 
observations occur to the writer, which are offered as supple-
mentary to the text, having to do principally with disparities of a 
secondary nature between the nonrotating model and the actual 
installation. 

The transit of nodes in the "rotor" across the "bearings" with 
varying speeds, as so well illustrated in the diagrams, has amply 
been borne out by actual experience on large installations. No 
better exposure of the futility of attempting field balancing by 
the "horse-and-buggy" method of scribing the shaft to locate the 
balance correction could be asked for. Obviously, the scribed 
"high spot" will practically reverse itself as the node passes from 
one side of the scribed location (usually between the bearing and 
the gland or end-bell) to the other, with no change in the initial 
unbalance. Quite recently, the writer was assured that a turbine, 
still obviously vibrating badly, had been satisfactorily balanced, 
because the scribed mark showed all around the shaft! A node 
probably occurred at the scribed location. 

Phase relationships have an additional meaning with the rotor 
actually rotating. Directional characteristics are absent with 
the linearly vibrating nonrotating member; the point on the 
generating circle for the harmonic motion in the vertical plane 
can be considered as rotating in either direction, while on the 
actual machine, the exciting forces together with the indexes 
are rotating in a fixed direction. On large units, the vibration 
characteristics can exhibit considerable differences between 
clockwise and counterclockwise rotation. This sounds para-
doxical, but is inherently true. 

The difference is brought about by the intercommunication 
of vibratory disturbances from one bearing to another through 
the foundation and stationary parts and by the time lag which 
depends upon the velocity of sound (impulse transmission) 
through the structure, during which lag the high-speed rotor can 
turn through a considerable angle. For example, with a mod-
ern, large 3600-rpm unit, having a distance of, say, 45 ft between 
the No. 1 and the outboard bearing, the rotor will turn through 
about 60 deg before a disturbance emanating from one bearing 
reaches the other. As the vibration at each bearing is a composite 
of the disturbances coming from the entire unit, the vector addi-
tions will give different resultants for the two directions of rota-
tion. By the same token, if the assumed concentrated unbalance 
at one end of the rotor leads that of the other end by 90 deg, the 
vibration of the unit will not be the same as when it lags 90 deg.3 

Another seeming paradox appears when exploring the relation 
between the phase of the bearing vibration, as referred to a 
datum on the rotor, and the speed. On actual tests on a large 
rotor, contrary to the expected shift from zero to 180 deg, the 
angle changed through over 700 deg, nearly two complete rota-

1 By E. H. Hull, published in the September, 1941, issue of the 
J O U R N A L OF A P P L I E D M E C H A N I C S , Trans. A .S .M.E. , vol. 62, p. A-121. 

2 Chief Engineer, Turbine and Machinery Division, The Fidelity 
and Casualty Company of New York, New York, N. Y . Mem-
A.S.M.E. 

3 For experimental development, refer to "Turbine Vibration and 
Balancing," by T. C. Rathbone, Trans. A.S.M.E., vol. 51, 1929, 
paper APM-51-23, pp. 272-273. 
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