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The author is to be commended for his new approach to tRemail: narita@hit.ac.jp
important problem of calculation of natural frequencies for aniso-
tropic plates. However, two comments are in order. Although the main idea of the paper is an introduction of the

First, the paper lists only three classical boundary conditionBolya counting theory to an engineering counting problem that
simply supported, clamped, and free. Actually, there is a fourthay be encountered in applied mechanics, this author equally
one: guided or slidingBert and Malik[1]). For this boundary appreciates the interest shown by Professor Bert in the proposed
condition, the effective shear force and the bending slope are b&hz method to calculate natural frequencies of anisotropic plates
zero. Exact natural frequency results were given for a variety @fith arbitrary boundary conditions. Professor Bert raised two con-
such cases of isotropic plates|ih]. structive comments that are answered in order.

The second comment is that, although the Ritz method is anThe first comment is that the present author took up only three
upper bound solution, it converges rather slowly in the case efassical boundary conditiong.e., free, simply supported, and
anisotropic plates. For design purposes, a lower bound to a fegamped edgesin numerical examples and did not consider the
guency is often more important than an upper bound. The convésurth boundary condition of a guided or sliding edge with zero
gence of the Ritz method, a Fourier series metftiitney[2]), effective shear force and bending moment. The funct@g) in
and the differential quadrature method were studied by Bert et giex andy-direction([1]) is not applicable in its direct form to the
[3] for free vibration of simply supported plates of highly anisofourth boundary condition but it is widely accepted that the fourth
tropic material(E, /E1=25, compared to 15.4 in the present paecondition is not as important as the first three ones. It may be

pen. The latter two methods provided lower bounds. possible to apply the present function to the fourth boundary con-
dition by adding a constant term to give a constant displacement
References caused by the guided or sliding edge and also constraining the

[1] Bert, C. W,, and Malik, M., 1994, “Frequency Equations and Modes of Fre§IOpe at the edge. . . . .
Vibrations of Rectangular Plates With Various Edge Conditions,” Proc. Inst. 1he second comment, which is more important, is on conver-

Mech. Eng., Part C: J. Mech. Eng. S2D8C, pp. 307-319. gence rates of the present solution applied to anisotropic plates.
[2] Whitney, J. M., “Free Vibrations of Anisotropic Rectangular Plates,” 1972, JBefore commenting on that, | have to make it clear that the cap-
(3] Bt . e B e e, A, G.. 1984, “Convergence of the pdioN in Table 2 of 1] was erroneous. The convergence result in the

Method in the Analysis of Anisotropic Plates,” J. Sound VIO, pp. 140— table was for a specially orthotropic square pléite., anisotropic

144, plate with a fiber orientation anglé=0 deg, not for skew ortho-

tropic square plate&9=30 deg. This was obvious that the con-
verged values in Table 2 are in exact agreement with those of
specially orthotropic plates in Table 5 {f].

Professor Bert stated that “itRitz method converges rather
slowly in the case of anisotropic plates.” | agree that the Ritz
method tends to give slower convergence for anisotropic plates
than for isotropic and specially orthotropic plates, but this ten-
dency is also found for other methods and the important question
is how slow the solution becomes. To see this, another test is
conducted here to observe convergence rates of the present
method for highly anisotropic material.

Q11/Q2,=25, Q12/Q»=0.25 and Qg/Q2,=0.5
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Table 1 Convergence of frequency parameters Q of diago- 21

nally orthotropic square plates (=45 deg, Q11/0Q,» A X ;
=25, Q1,/Q,,=0.25, and Qgs/Q,,=0.5) 20 +Asl.1ton? Ritz .
= -t~ Whitney's Fourier
B.C. |Numofterms| 1st 2nd 3rd 4th = 19 F --»--Bert’'s DQM
3 .
6x6 1890 2470 4330 5960 18 | —o—Present Ritz
>
[« A
8x8 18.82 24.60 42.67 58.79 :L_, 17 k \‘\‘
FFFF 10x10 18.82 24.60 42.65 58.71 -
10x 1882 2460 4265 _E 6 b \A\A_\‘h‘“‘~‘~‘
12x12 | 1882 2460 4265  58.70 % O~ —
E 5} O———0—0—0——0
14x14 1883 2460 4265  58.70 S L e mm—w- .
c
4x4 5387 9506 1655  178.1 c"r //D(H‘L—.
6x6 52.91 91.58 143.6 156.0 13 F
8x8 52.46 91.55 142.4 154.4 12 , ) , ,
SSSS 10x10 52.19 91.54 142.3 153.8 0 5 10 15 20 25
12x12 | 5201 9154 1423 1533 Number of terms in series (m=n)

14x14 51.89 91.54 1423 153.0 Fig. 1 Convergence of the fundamental frequency parameter

16x16 | 51.80 9154 1422 1528 W=Qb?(pl(Q;;h*)¥* by Ashton's Ritz method. Whiteney's
Fourier, Bert's DQM, and the present Ritz method. (Data are
6x6 91.31 145. 208.2 2170 replotted from Fig. 4 in  [2].)

8x8 91.24 1458 2080 216.3

CCCC 10x10 91.22 1458 208.0 216.2

12x12 91.22 8 208.0 2162
8

14x14 91.22 208.0 216.2

6x6 5947 18.28 35.78 43.23 and are shown in Fig. 1 with those presented in Fig. 2¢flt is
observed that the present Ritz method gives much better upper
8x8 5919 1811 - 35.25 42.93 bound than the Ritz result of Ashton and approaches closely to the
CFFE 10x10 5.904 18.05 35.12 42.90 lower bound of the Fourier analysis and DQ method. This figure
therefore indicates that the convergence rate of the Ritz method is
12x12 | 5898 1803 3508  42.89 rather dependent on the choice of displacement functions.
14x14 5.898 18.03 35.08 42.89 The present author has an opinion that use of the Ritz method
— with (modified polynomial functions yields very accurate upper
bounds with advantages in applying to arbitrary boundary condi-
tions and in computation time, when it is used with the following
used in referencd2]. This material has stronger anisotropypoints in mind([3]).
(E_/E;=25) than that E, /E;=15.4) used in[1)). ) . . .

Table 1 presents convergence test results of diagonally orthg- '€ first fefvxt/htermls tc_>f th% p;otlr)]/nomlaﬂs?)ﬂ_tir) 9“"3 rapldl
tropic square plate&=45 deg with such material for boundary co_n?/ergenczeoo € soution, 3 € USE Oh \gher or Ier polyno-
conditions of FFFRfree platg. SSSS(simply supported plaje mials (say, 20 or more termigends to make the eigenvalue equa-

. tion numerically unstable, unless it is somehow modified.
gacrgﬁéfelfgped plate and CFFF(cantilever plate Frequency ™, The plate region considered should have a regular plan, such

as rectangular and elliptical plates. For plates of irregular geom-
etry, e.g., with cutouts or L-shaped plates, the solution accuracy
deteriorates.

W= wb?(p/Qyh?)*? )

Q=wa?(ph/Dy)Y? with a reference stiffnes®,

=Erh?/12(1-v vy, @ In summary, the Ritz method with modified polynomials is a
_ o ] valuable and recommendable approach. The only problem is that
are presented with four significant figures for the number of termpecause it is very easy to use and guarantees good accuracy, one

MXN=6X6~14X14 (4X4~16x16 for SSS$in Eq. (15 of  cannot escape this easiness and does not create new methodology.

[1], and underlined figures are converged values within the range

of our significant figures. It is seen that two extreme cases of the

FFFF (totally free plate with only natural boundary conditipns

and the CCCQthe most constrained plate with only geometricaReferences

boundary COI‘I_dItIOI‘?Sp|ateS do yield fast cpnvergence, while the gl] Narita, Y., 2000, “Combinations for the Free-Vibration Behaviors of Aniso-
SSSS plate with both natural and geometrical boundary conditionsS ™ yropic Rectangular Plates Under General Edge Conditions,” ASME J. Appl.
does slower convergence, particularly for the fundamental mode. Mech.,67, pp. 568-573.

The convergence behaviors of some different solutions ard2] Bert, C. W., Wang, X., and Striz, A. G., “Convergence of the DQ Method in
compared fr the fundamentl frequency of he SSSS plate iy 1515 "SR O, £ S0 R, i o
referencg 2]. The present values are converted to their frequency  postbuckiing of Composite PlateS. J. Turvey and I. H. Marshall, eds., Chap-
parameter man and Hall, London, p. 56.

686 / Vol. 68, JULY 2001 Copyright © 2001 by ASME Transactions of the ASME

¥Z0z IMdy 61 uo 1senb Aq ypd° | G89/0112975/S89/7/89/4Pd-8[onie/So1UBYO8WPaldde/Wwod IeydiaAlis Opawse//:dny woly papeojumoq



