
' flow cases. F o r no rad ia l flow, t h e en t i r e c a v i t y becomes w h a t 

mieh l be t e r m e d a single t o ro ida l v o r t e x cell, a n d th is s i t u a t i o n 

, s j K | K for smal l nega t i ve va lues of t h e r ad ia l R e y n o l d s n u m b e r . 

TTowcver, th i s p h e n o m e n o n d i s a p p e a r s as t h e r ad ia l inflow is 

increased as can b e seen in F i g . 7 of t h e pape r . 

F ina l ly , we bel ieve t h a t t h e osc i l la tory s e c o n d a r y flows t h a t a p ­

pear in the " c o m e r s " b e t w e e n t h e inner cy l inder a n d t h e end walls , 

as shown in F igs . 7 a n d 8, a re ind i ca t i ve of t h e flow ins tab i l i t i es 

t h a t Dr. Ande r son asks a b o u t in his l a s t ques t i on . T h e n u m e r i c a l 

calculat ions were s t a b l e for t he se cond i t ions a n d t h e convergence 

was still good so t h a t we ascr ibe th i s behav io r to t h e p h y s i c a l 

s i tua t ion and n o t to t h e n u m e r i c a l t e c h n i q u e . 

On Evaluation of Natural Frequencies 
for a System of Equal Inertias and 
Equal Spring Stiffnesses1 

HANS BERGKVIST.2 T h e p r o b l e m considered in t h e Brief N o t e 

can, using the s a m e n o t a t i o n , b e descr ibed b y t h e difference e q u a ­

tion 

adh/t + W)k = 0 

k = 1, 2 a(j/ t ( . i — 2yk + yk-i) + \tyk = 0 

under the b o u n d a r y cond i t ions 

?/o = 2/n+i = 0 

T h e cha rac te r i s t i c va lues fj, = co2 of this equa t ion are k n o w n to be 

A-7T 
fj, = co2 = 4 a sin 2 

2(1 + n) 
1, 2 

(compare , for example , H i l d e b r a n d 3 ) . T h i s expression seems t o 

be a s impler form of t h e resu l t g iven in t h e p a p e r discussed. 

T h u s the n a t u r a l f requencies of t h e s y s t e m a re g iven b y 

wx = 2-s/a s in 
\ir 

2(1 + n) 
X = 1, 2 , . . n (1) 

F u r t h e r m o r e a o n e - t e r m expans ion of t h e sine will give a v a l u e of 

the lowest f r equency t h a t d e v i a t e s f rom t h e exac t one b y less t h a n 

I pe rcen t if n ^ 6; i.e., 

coi = 2 \/a si 
2 (1 + n) 1 + w 

•%/a 

IT 1 

2(1 + n) 4 

T h e i l lus t ra t ive e x a m p l e p r e s e n t e d in t h e p a p e r can be solved 

d i rec t ly a n d exac t ly b y expans ion of t h e d e t e r m i n a n t a n d solu­

t ion of t h e secular e q u a t i o n , t h u s : 

A3 = 
2 a — w2 —a 0 

— a 2 a — co2 — a 

0 — a 2 a — co2 
= 0 

= ( 2 a - « 2 ) - A 2 - a*Ai = ( 2 a - « 2 ) ( A 2 - a 2 ) 

1 By F a n Y. Chen, published in the September, 1969, issue of the 
JOURNAL OF A P P L I E D M E C H A N I C S , Vol. 36, T R A N S . A S M E , Vol. 91, 

Series E, pp . 646-647. 
2 Research engineer, Division of Strength of Materials , Lund In­

st i tu te of Technology, S-22007 Lund, Sweden. 
"Hi ldebrand, F . B . , Finite-Difference Equations and Simulations, 

Prentice Hall , Englewood Cliffs, N . J., 1968, pp. 37-39. 
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which gives 

co! = V a V ^ - \ / 2 ; co2 = V a V 2 ; co3 = ^/aVt + s/l 

T h e s e va lues e q u a l 2\/a s in - ; 2\/a s in —, a n d 2\/a s in —, r e -
g . v 4 , v g , 

spec t ive ly , which a r e also o b t a i n e d f rom (1) for n — 3 . 

Author's Closure 
T h e wr i t e r t h a n k s M r . Be rgkv i s t for wr i t i ng this d i scuss ion . 

T h e wr i t e r will t a k e th i s o p p o r t u n i t y to q u o t e two m o r e ref­

erences of i m p o r t a n c e [1 , 2 ] . 4 T h e e igenva lue e q u a t i o n ( equa­

t ion (3)) or i ts equ iva l en t fo rm such as t h e one m e n t i o n e d b y t h e 

discusser a re de r ivab le f rom m a n y a p p r o a c h e s . Bes ides C h e b y -

s h e v ' s po lynomia l , p rev ious ly m e n t i o n e d , o the r m e t h o d s inc lude 

t ransfer m a t r i x [1], F ibonacc i n u m b e r [2], as well as finite dif­

ferences. D e r i v a t i o n b y i n d u c t i o n is an a l t e r n a t i v e s t r a i g h t ­

fo rward m e t h o d . T h e wr i t e r h a s appl ied m a t h e m a t i c a l i n d u c ­

t ion t o o t h e r s y s t e m s [3] . 

M r . Be rgkv i s t has ra ised an in t e r e s t i ng p o i n t r ega rd ing t h e a p ­

p r o x i m a t i o n of t h e lowes t e igenva lue us ing o n e - t e r m expans ion of 

t h e s ine func t ion . H o w e v e r , t h i s m a y n o t b e wor thwh i l e , s ince 

t h e exac t f r equency e q u a t i o n is a l r eady s imple e n o u g h for gen­

eral pu rpose . 

F ina l ly , t h e wr i t e r m i g h t as well m e n t i o n t h a t t h e o r t h o n o r m a l 

e igenmodes associa ted w i t h th i s p r o b l e m (gove rned b y e q u a t i o n 

(1) in t h e t ex t ) is [41 

[<1\\ 
* sin -
\ l + n \ 1 

Xir 2 \TT 

+ n' 1 + n ' ' 

n\ir \ T 

1 +n) 

1 ,2 , 

where ( ) r r ep resen t s the t r a n s p o s e . 

M o r e i n f o r m a t i o n on mode l ing a n d d i rec t so lu t ion t o a class 

of m e c h a n i c a l v i b r a t i o n s y s t e m s w i t h different k i n d s of b o u n d a r y 

cond i t ions a re t r e a t e d in a f o r t h c o m i n g p a p e r [5] . 

References 
1 Pipes, L. A., " T h e Matr ix Theory of Torsional Oscillations," 

Journal of Applied Physics, Vol. 13, July 1942, pp. 434-444. 
2 Rutherford, D . E., "Some Cont inuan t De te rminan ts Arising in 

Physics and Chemis t ry , " Proceedings, Royal Society of Edinburgh, 
Series A, Vol. 62, 1945, pp . 229-236; also, Series A, Vol. 63, 1951, pp. 
232-241. 

3 Chen, F . Y., "On Degeneracy of Eigenvalues and Recursive 
Solution of Symmetrical ly Coupled Dynamic Sys tems," to be pub­
lished in the J O U R N A L OP A P P L I E D M E C H A N I C S . 

4 Haynesworth , E . V., "Applications of a Theory on Par t i t ioned 
Mat r ices , " Journal of Research of National Bureau of Standards, Series 
B, Vol. 62, No. 2, 1959, pp. 73-78. 

5 Chen, F . Y., " I n Modeling and Direct Solution of Certain F ree 
Vibrat ion Sys t ems , " to be published in Journal of Sound and Vibra-

4 Numbers in brackets designate References a t end of Closure. 

On Integral Methods for 
Predicting Shear Layer Behavior1 
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