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ously been subjected to this stress. This condition is shown in
Fig. 1, herewith, which illustrates approximate loading cycles at
different sections of the rod. To a high degree of accuracy, uni-
form strain is obtained throughout the extent OB of the travel of
the wave of maximum stress, and a stress, strain, strain-rate rela-
tion must be found which gives the same plastic strain for this
widely different range of loading histories.

AvutHoRr’s CLOSURE

The author wishes to thank Professors Wood and Lee for their
pertinent discussion of the paper.

Perhaps the flow law should permit some instantaneous plastic
response to applied stress, as suggested by Professor Wood; but
the author doubts that a law of the particular form suggested
would predict the region of constant strain near the impact end,
since the factor R (€)would not affect the maximum strain attained
at different cross sections in the same degree because the strain-
rate history varies greatly from one section to another near the
impact end, as was pointed out by Professor Lee. It almost
seems that the multiplier R should be a function of the velocity
with which the impact end is struck instead of the strain rate in
order to predict the constant-strain region, but such a depend-
ence on velocity does not seem reasonable.

The author agrees with Professor Wood that a two-dimensional
theory would be needed to describe properly the deformation in
lead bars under compressive impact, when mushrooming occurs
at the impact end. A law of the type used by the author, which
predicts continued flow, could at best only account for the begin-
ning of mushrooming.

Shakedown in Continuous Media'

P. G. Hopeg, Jr.2 Professor Symonds is certainly to be con-
gratulated on having extended the concept of shakedown to the
important case of continuous media. It is perhaps of some in-
terest to notice that the inequality IEquation [25] of the paper,
obtained as a necessary condition for shakedown in a particular
example, can, in fact, be generalized. To this end, let s;;* and
8;;** be any two admissible elastic-stress states, Then, a neces-
gary condition for shakedown is

% — 8%\ (st — st
< 282 ¢ cinnmin 1
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For assume that the Inequality [1]is false, then
3“°8‘,°>8k’..-........ ......... [2]

where the notation s;;° = s;;** — s;;* has been introduced. In
addition, if there exists a shakedown state, it follows from the
author’s Equation [6] that

(Fij 4 s, (g + 8% < 2., 3]
(rej + 8:i* + 85°) (rej + 8:5* + 85;°) < 2k2......[4]

However, it will now be shown that the Inequalities [2], [3], and
[4], herewith, are inconsistent.
The Inequality [4] can be continued in the form

2k2 > (r,, + s *) (re + 0™ + 2 8:;°Cs; + 8e4®)
+ S” °|) = (Tu + su )(ru + S” )_2|8” (rq + 8" )I
4 808 e [5]

The second step is valid, since in view of Inequality [2] of this dis-
cussion and the fact that the first term in the middle member of
Equation [5] is nonnegative, the second term is less than zero.
In view of Cauchy’s inequality (following author’s Equation
[16]), Equation [5] leads to

2K > (7_‘.',' + S.-,-*) (7_'ii =+ sii*) = 2[(;.',' + 8.','*) (1_‘1',' + sii*)
KB i P10 B 5 [N Wi Ten”
- \/(;ii + si,‘*)(;i,‘ + 3,'.'*)]2 .......... [6]

Finally, it follows from Iixpressions [6], [2], and [3], herewith,
that

2% > [V/8kt — V22 = 2%......... (71

which is an obvious contradiction. Thus the Inequality [1] is a
necessary (although, in general, not a sufficient) condition for
shakedown,

AvutHOR'S CLOSURE

Professor Hodge’s contribution is appreciated. Unfortunately,
as he states, the theorem he proves gives a necessary but not
sufficient condition for shakedown. An interesting subject for
future study is the relation between the theorems concerning the
load limits for which shakedown just occurs, and those which
recently have been proved concerning the loads at which unre-
stricted plastic flow occurs under steady proportional loading of
an clastic perfectly plastic body.** In the case of continuous
frame structures close analogies exist between the analytical
methods for proportional loading and for variable, repeated
loads.®® Tt would be of great interest to find whether similar
analogies can be utilized also in the case of continuous media.
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to be presented at the Annual Meeting, Atlantic City, N. J., Nov. 25-
30, 1951, of THE AMERICAN SocCIETY OF MECHANICAL ENGINEERS.

4 “Extended Limit Theorems for Structures and Continuous
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