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ABSTRACT 
Conditionally averaged Navier-Stokes equations are 
used to describe transitional flow in adverse pressure 
gradient combined with a transport equation for the in-
termittency factor 7. A transport equation developped 
in earlier work has been modified to eliminate the use 
of a distance along a streamline. An extension of the 
correlations is proposed to determine the spot growth 
parameter in adverse pressure gradient. This approach 
is verified against flows over a flat plate with an ellipti-
cal leading edge. 

INTRODUCTION 
In turbomachinery flow, the extent of the transition 
zone relative to the blade chord, can be very large. 
This zone is characterized by the presence of turbu-
lent spots in a pseudo-laminar flow. The spots grow 
in size when convected downstream at a rate which is 
primarily dependent on the mean flow turbulence level 
and the pressure gradient. The evolution of the spot 
growth can be quantified by the intermittency factor 7 

which gives the relative fraction of time the flow is tur-
bulent during the transitional phase. Transition models 
based on conditional averages calculate the state of both 
the turbulent spot and the laminar flow. To define the 
global result, a weighting, based on the intermittency 
factor 7, of the turbulent and the laminar conditioned 
average is made. If no interaction is assumed at the 
interfaces of the turbulent spot with the laminar flow, 
then the turbulent and laminar average can be calcu-
lated separately. These methods are referred to as linear 
combination models (e.g. Gostelow et al. (1994a)). 

This assumption is acceptable for global parameters in 
zero and favourable pressure gradient flow. However, 
in an adverse pressure gradient, the interaction at the 
interface of the spot cannot be neglected. Due to the 
entrainment of the turbulent spot, the laminar layer re-
mains attached to the wall. In linear combination mod-
els, the laminar flow calculation will predict separation. 
By conditional averaging the Navier-Stokes equations, 
interaction terms arise which model the entrainment 
and prevent the laminar state from separating. The 
obtained averages are then linearly combined by use of 
the intermittency factor 7. This factor is determined 
bV a transport equation where the spot growth depen-
dency on the pressure gradient and the turbulence level 
has been taken into account. 

NOMENCLATURE 
Cf 	skin friction, 7-/(12f/!/2). 
k 	turbulence kinetic energy. 

acceleration parameter, 

Re. Reynolds number, Ut z/u . 
Rea momentum thickness Reynolds number, Utah/ 
Tu turbulence intensity, 1001k7fl e (%). 
ra 	global time averaged velocity. 
ri-t 	averaged velocity during turbulent state. 

averaged velocity during laminar state. 
lif  IJI  fluctuating velocity components. 
7 	intermittency factor. 
• turbulence dissipation. 
II 	dynamic viscosity. 

• density. 
momentum thickness. 
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Sub- and superscripts 
e edge of boundary layer. 
1 	laminar state. 

turbulent state. 
• start of transition (7 = 1%) 

conditioned Favre-average. 
– 	conditioned Reynolds-average. 

CONDITIONED FLOW EQUATIONS 
Conditionally averaged Navier-Stokes equations (Stec-
lant and Dick, 1995) lead both for the laminar and tur-
bulent phases in an intermittent flow to a set of equa-
tions for mass, momentum and energy. These condi-
tioned equations differ from the original Navier-Stokes 
equations by the presence of source terms which are 
function of the intermittency factor 7. The source terms 
model the interaction between both phases. The condi-
tionally averaged laminar and turbulent equations can 
be written in vector form as: 

aU, 3.7 1 	aTh 
& + dy 

out   8Ft  a-dt  
& r ay 

with 

Fit  = {T31 ,T2I IA fil IA El } 

Fr, = {A I 	,79t lit 1 -fit Et , ict ,pt  t • 

The convective and diffusive terms in z- and 1,-direction 
are denoted respectively by F, G and F,,, G,,. The set of 
laminar equations (1) differs from the classical Navier-
Stokes equations by the source terms: 

57T  = 	1 	{ 57 ; rpts 51Pv ; 

The set of turbulent equations (2) consists besides of 
the four Navier-Stokes equations also of the turbulent 
k-e equations. The source terms are 

5771  

1 27 P ' 27  Pu I 27  °pv 3 Ty- OpE  apk j;,,} 

Both sets of equations (1) and (2) have to be solved 
simultaneously in each point of the flow field. Global 
quantities are obtained by weighting the laminar and 
turbulent quantities. The interaction terms arising in 
the laminar and turbulent Navier-Stokes equations are: 

07 5; = (TIt Tc's)tait  +  az 
497 

+ 	– fit)—ay  

T3i 	Ttt
87  

	 7 	Tll
87  

= ( 	– 	) 	+Til 	ttt)K 

	

07 	 2_ - ay 
(Mut – ut T3t) -- + 	–P,  

_ r 
	— 	± Iht )§tzzi &vox 

      gi_ rT-1= —Pt +me)t.2, 

	

al 	 87  
57t, 	= (PI .6 1 — Pt it 	+ (Pi 	zi 	fst ye; 

	

87 	 2 - .87 
–12tzt 	+ CPI P,  

_ tot - 	497 F

- 	

T- 	+ 7  In — tt: t:  — txy llt 

- [7 Ix!, 	± 	— it: tu lle — tt; ty  

• rq  _ ::tj P_"1 f—q  ly  -4 ti; t  1 -87  . 
az 	1 	j ay  

The mean total energy E t  and mean total enthalpy 
during the turbulent phase are given by 

1 _2  _2 	- 
Et 	= 	t -F (u, + v, ) + /c, , 

E, + + k t  fit 	= 	
Tit 	3 

where E, is the mean internal energy. flz; are stress 
components formed by the sum of the Reynolds stress 
components and the mean molecular stress components 
during the turbulent phase. In the same way 
are total heat flux components during the turbulent 
phase. The turbulence is modelled by the classical (low 
Reynolds number) k- and e-equations, but written for 
the turbulent conditioned averaged values. Due to the 
good representations for zero (ZPG), favourable (FPG) 
and adverse (APG) pressure gradient flow, the Yang-
Shih variant (Yang and Shih, 1993) has been chosen as 
low-Reynolds turbulence model. 

In the sequel we study only steady flows. So all equa-
tions can be simplified by deleting the time derivative 
terms. 

az) , 	act, 1  
az + 	+ 57 ' (1)  

ern act, t  
az + ay 

sit 
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INTERMITTENCY MODELLING 	 1E+ 

To calculate the intermittency factor 7, a transport 
equation has been derived by Steelant and Dick (1995) 
which takes into account the distributed breakdown 
near the onset of transition: 

_ - 87 _ - a'Y pu— + pv— = (1 - 	13i■ :1- , 	(3) 
az 	ay 

where fi is a function of s,fia, K, Tu, with s the distance 
to the point of transition along a streamline, Pio the spot 
growth parameter, K the pressure gradient parameter 
and Tu the turbulence intensity in the free stream. The 
43-function was constructed for ZPG- and FPG-flows. 
In this work we extend the 43-function to-APO flows. 
Further we eliminate the dependence on the streamwise 
distance s, since this distance is difficult to define. The 
/3-function can be written as (Steelant and Dick, 1995): 

P = 2P(s)f(s). (4) 

The function f(s) can easily be determined in the case 
of concentrated breakdown: 

f (s) = V- ln(1 - 7) =  

Equation (4) results then in: 

2  
it? = 2 ft  ao(K, Tu)

U.
ln(1 - 7). 

with f7  = 1. This equation for 19 does not contain s 
anymore. 

Distibuted breakdown is modelled here by lowering 
the value of if  in the beginning of transition: 

{ 7 < 0.45: 1. - exp [-1.735tan(5.457 - .95375) -2.2] 
> 0.45 : 1 

The correlation for fig is extended to adverse pressure 
gradients (K < 0) by using the experimental data of 
Gostelow et al. (1991). In figure 1, the normalised spot 
growth parameter is given for different acceleration pa-
rameters K and turbulence levels. For favourable pres-
sure gradients, the data were based on the experiments 
of Blair (1992). The correlations, shown in fig. 1, are: 

Re. - 0-3227K ' 5985  

fkr _ 	(474Tu-2.2 
[ l - exp(2 x 10 6 K)] 1 

	
K <0 

K >0, 

where "Ciao is the value for K = 0. For ZPG- and FPG-
flows, the present correlations for Re and 1.1  reproduce 
the results of the previous paper. In bypass transition, 
the parameter no 0  and the point of transition,defined 
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Figure 1: Normalised spot growth parameter: experi-
ments (top) and correlations (bottom). 

as the point where -y = 1%, have been correlated by 
Mayle (1991) based on intermittency measurements for 
zero pressure gradient flow (ZPG) on flat plates as 

	

= 1.25 10 -11Tui, 	 ( 5 ) 

Ree s  = 420 Tu-69 , 	 (6) 

where Tu is the turbulence level at the leading edge. 
The expression (6) is also valid for pressure gradient 
flow under the condition that the turbulence level is 
sufficiently high (Mayle, 1991). 

In order to avoid singularities in the calculations, the 
minimum and maximum value of 7 are set to 0.01 and 
0.99. These limits are normally taken as start and end 
of transition in experiments. Prior to the start of tran-
sition, determined from (6), 7 is set equal to 0.01. The 
starting line is normal to the wall. Equation (3) then 
gives the evolution of the intermittency. The mecha-
nism to let grow 7 from 0.01 to 0.99 is mainly governed 
by the source term 0. Equation (3) results in an almost 
constant distribution for 7 normal to the wall, due to 
the absence of a diffusive term. Physically this is not 

1E+ 
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correct; 7 should attain 1 in the free stream. We did 
not study yet the modelling of the -y-distribution nor-
mal to the wall since not enough experimental data on 
7-profiles are yet available. 

RESULTS 

The above equations have been used to calculate in-
termittent flows on an adiabatic flat plate for a zero 
pressure gradient (ZPG) and adverse pressure gradi-
ent (APO). The equations are solved in their steady 
state form by a relaxation procedure. A vertex-centered 
finite volume discretization combined with an upwind 
TVD formulation is used. Full details of the numerical 
method are given by Steelant and Dick (1994). 

The considered test cases are described extensively 
in Gostelow et at (1991, 1994b). The flat plate has a 
length of 1500mm and a thickness of 24.5mm. The up-
per side of the fiat plate has an elliptical shaped lead-
ing edge in order to prevent separation bubbles. The 
discretization of the geometry has been done using a 
C-mesh with 147 points in normal and 257 points in • 

tangential direction (fig. 2). In front of the plate, sym-
metry conditions have been applied. No-slip conditions 
and an adiabatic boundary condition have been used on 
the flat plate. 

Figure 2: C-mesh for the flat plate. 

The specifications of the different test cases are given 
in the table 1 where U. stand for the velocity upstream 
of the leading edge, Tul e  is the turbulence level at the 
L.E., Az -- tsrid — Zi e  is the relative position of the 
turbulence generating grid versus the L.E. and K is 
the mean acceleration parameter during the transition 
zone. 

Case U. Tub, A z 7 x 106  

SUG5K0 7.38 3.9 1.2 0. 
SUG5K6 15.28 3.9 1.2 —0.9 
SUG3K6 15.9 3.1 1.2 —1.03 
SUG4K5 12.45 5.4 1.2 —1.7 

Table 1: Description of the different test cases: U. 
(m/s), Tul e  (%), Az = x grsd — zia  (m). 

Zero pressure gradient 

The evolution of the intermittency factor 7 in function 
of Re. for SUG5K0 is shown in figure 3. The exper-
imental values, taken at plateau level, are represented 
by square boxes. The correspondance of the numer-
ical predicted evolution and the experimental data is 
very good. Both start, located at Re. = 93400, and 
length of transition are well reproduced. In figure 4, 
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Figure 3: 7-evolution for SUG5KO. 

the skin friction C1 , the shape factor H and the mo-
mentum thickness 8 are given. No experimental values 
of Ci are available. The analytical laminar and tur-
bulent skin friction coefficient are also plotted in the 
figure. The experimental evolution of the shape factor 
starts already to deviate from the laminar value 2.59 
upstream of start of transition. Through diffusion of 
turbulent eddies from the main flow towards the wall, 
the outer region of the boundary layer is affected firstly. 
As a consequence, the velocity profile in the outer region 
tends to a turbulent one through the presence of turbu-
lent Reynolds-stresses. This results in a decrease of the 
shape factor already upstream of the start of transition. 
This diffusion should be taken into account in the mod-
elling by defining a normal -y-distribution. This has not 

0 
S 0 

4 

D
ow

nloaded from
 http://asm

edc.silverchair.com
/G

T/proceedings-pdf/G
T1996/78729/V001T01A057/4217477/v001t01a057-96-gt-160.pdf by guest on 19 April 2024



to] 1  
I  0.009 

0.008 

0.007 

1 

ka  

0.000 

0.035 

0.034 

0.003 

0.002 
— 

0.001 

0
0 100 150 20 

8 
a 
• - 

2 
o 

2 
0 

o 

6 o 

a 
o 

4 

2 

I 
g0 loo MD 2ttl 2.41 

I 11■■11/I I a 
111E11=1/S11M 

r■ I I 1.1 I ■ I I I I r 
50 	1.0 	ISO 	200 	250 	10 

Rex (Thousands) 

Figure 4: Skin friction coefficient (top), shape fac-
tor (middle) and momentum thickness (bottom) for 
SUG5KO. 

yet been introduced in the model. On the leading edge, 
both the skin friction and the shape factor show some 
oscillatory behaviour. This can be attributed to irreg-
ularities in the geometrical discretization of the leading 
edge. We preferred to leave these irregularities in the 
calculations rather than to smooth them because re-
sults are very sensitive to details in the shape. Velocity 
profiles are shown in figure 5. The globally averaged 
velocity profiles are obtained by weighting the laminar 
and turbulent . conditioned. values. Although the mea- 
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Figure 5: Velocity profiles for different positions on the 
plate for SUG5KO. 

surements have been stopped once a plateau-region was 
reached, the calculations show that the velocity dimin-
ishes further away from the wall. This effect becomes 
smaller further downstream. The correspondance with 
the experiments is very good. The profiles of the tur- 
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Figure 6: Turbulence intensity profiles for different po-
sitions on the plate for SUG5KO. 

bulence intensity are given in figure 6. The Tu-level 
reaches a peak of 17% near the wall midway the transi-
tion zone. Only the computed profiles are shown as no 
experimental data are available. The positions 1 to 6 
correspond with the following Re-numbers: 1: 116400; 
2: 138300; 3: 162000; 4: 184700; 5: 229700; 6: 267800. 
We obtain here turbulence levels comparable to these in 
previous work (Steelant and Dick, 1995) for ZPG flows. 
So we are confident that also for the present test case, 
turbulence levels are predicted well although we cannot 
strictly verify this. 

Adverse pressure gradient 

The corresponding velocity distributions for the APG- 
cases are given in figure 7. The evolution of the in- 
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Figure 7: Velocity distribution along the flat plate for 
5U05K6, SUG3K6 and SUG4K5. 

Figure 8: 7-evolution for SUG5K6. 

1 
9 
a 

7 
5 

U U 

5 
4 
3 
2 
1 
on 	an 	lots 	iso 	20 	20 	300 	3 

Rex (Thousands) 

Figure 9: 7-evolution for SUG3K6. 

termittency factor 7 for SUG5K6 is shown in figure 8. 
The correspondance of the numerically predicted evo-
lution and the experimental data is very good. The 
test cases SUG3K6 and SUG4K5 correspond with dif-
ferent turbulence levels and accelaration parameters 
than the previous test cases, so that a good verification 
of the proposed correlations for Ft 4.  7 can be obtained. 
Also for this cases, the 7-profiles correspond well with 
the experimental data (Fig. 9 and 10 ). For these 
three test cases, the starts of transition are respectively 
Re. = 90000,123000,63450. 

Figure 11 gives the skin friction Cf, the shape factor 
H and the momentum thickness 0 for SUG5K6. Due to 
the adverse pressure gradient and the high turbulence 
level, a larger discrepancy is present for the shape factor 
than in the previous cases. Both the pressure gradient 
and the turbulence intensity enhance the diffusion of the 
turbulence towards the wall. Globally, the momentum 
thickness has the same behaviour as in the measure- 
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Figure 10: 7-evolution for SUG4K5. 

meats. As no experimental data are available, the dis-
tributions of the streamwise fluctuations are not given. 
The numerical results reveal peak values of turbulence 
level of 25% and higher. Although we cannot make a 
comparison with experimental data, the obtained levels 
seem realistic. Velocity profiles, shown in figure 12, cor-
respond reasonably well with the data. The evolution 
of Ci, the shape factor H and Rea for the test cases 
SUG3K6 and SUG4K5 have a similar behaviour as the 
previous test cases and are not shown here. 

CONCLUSIONS 

By the use of conditionally averaged Navier-Stokes 
equations and a dynamically determined intermittency 
factor, a very good prediction of bypass transition is 
obtained. The evolution of the velocity profiles and the 
intermittency factor -y are in good agreement with the 
measured profiles. The latter is due to the new corre-
lations for ha in adverse pressure gradients. The nu-
merically obtained shape factor overpredicts the exper-
iments in the beginning of the transition region. This 
could be improved by bringing in a variation of -y in 
normal direction. 
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